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CHAPTER 2
Exercise 2.3

1. (a){z]x>34} (b){z]|8 <z <65}
2. True statements: (a), (d), (f), (g), and (h)

3. (a){24,6,7} (b){2,4,6} (c) {2,6}
(d) {2} (e) {2} (f) {2,4,6}
4. All are valid.

5. First part: AU(BNC) ={4,5,6}U{3,6} = {3,4,5,6} ; and (AUB)N(AUC) = {3,4,5,6,7}N
(2,3,4,5,6} = {3,4,5,6} too.
Second part: AN (BUC) = {4,5,6} N1 {2,3,4,6,7} = {4,6} ; and (ANB)U(ANC) =
{4,6} U {6} = {4,6} too.

6. N/A

7. 0, {5}, {6}, {7}, {5,6}, {5,7}, {6,7}, {5,6,7}

8. There are 2* = 16 subsets: 0, {a}, {b}, {c}, {d}, {a,b}, {ac}, {a,d}, {b,c}, {b,d}, {c,d},
{a,b,c}, {a,b,d}, {a,c,d}, {b,c,d}, and {a,b,c,d}.

9. The complement of U is U = {x | 2 ¢ U}. Here the notation of "not in U” is expressed via the
¢ symbol which relates an element (x) to a set (U). In contrast, when we say ”( is a subset
of U,” the notion of ”in U” is expressed via the C symbol which relates a subset()) to a set

(U). Hence, we have two different contexts, and there exists no paradox at all.

Exercise 2.4

L. (a) {(3.a), (3,b), (6,a), (6,b) (9,a), (9,b)}
(b) {(a,m), (a,n), (b,m), (b,n)}
(c) { (m,3), (m,6), (m,9), (n,3), (1n,6), (n,9)}
2' {(37a7m)’ (3?a’7n)’ (3’b7m)’ (37b7n)’ (67a'7m)’ (6’a’7n)’ (6’b’m)7 (6’b7n)7 (97a’m)7 (97a'7n)7 (9’b7m)’
(9,b,n),}
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3. No. When 57 = Ss.

4. Only (d) represents a function.

5. Range = {y | 8 <y < 32}

6. The range is the set of all nonpositive numbers.
7. (a) No. (b) Yes.

8. For each level of output, we should discard all the inefficient cost figures, and take the lowest
cost figure as the total cost for that output level. This would establish the uniqueness as

required by the definition of a function.
Exercise 2.5

1. N/a

2. Egs. (a) and (b) differ in the sign of the coefficient of x; a positive (negative) sign means an
upward (downward) slope.

Egs. (a) and (c) differ in the constant terms; a larger constant means a higher vertical intercept.

3. A negative coefficient (say, -1) for the 2% term is associated with a hill. as the value of x is
steadily increased or reduced, the —z? term will exert a more dominant influence in determining
the value of y. Being negative, this term serves to pull down the y values at the two extreme

ends of the curve.

4. If negative values can occur there will appear in quadrant IIT a curve which is the mirror image

of the one in quadrant I.

5. (a) zt  (b) 2**e (c) (ay2)?

7. By Rules VI and V, we can successively write /" = (acm)l/ " = {/x™; by the same two rules,

we also have z™/™ = (z'/™)™ = (/x)™

8. Rule VI:

m

(™= 2" xa"x..x2™ =rxrXx..xr=z™

n terms mn terms
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Rule VII:
XY = TXTX . XTXYXY...XY
m terms m terms
= (ay) x (wy) x ... x (xy) = (zy)"
m terms
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CHAPTER 3

Exercise 3.2

(a) By substitution, we get 21 —3P = —4 + 8P or 11P = 25. Thus P* = 2%. Substituting

P* into the second equation or the third equation, we find Q* = 14%.

(b) With a =21, b= 3,c=4,d =8, the formula yields

[\v)
ot

pr=3=23 Q=D =-143

11 11 11

=
=

P*_36_1 * _ 138 __ 5

. N/A
. Ifb+d = 0 then P* and Q* in (3.4) and (3.5) would involve division by zero, which is undefined.

.If b4+ d = 0 then d = —b and the demand and supply curves would have the same slope
(though different vertical intercepts). The two curves would be parallel, with no equilibrium

intersection point in Fig. 3.1

Exercise 3.3

(a) 7 = 5; r3=3 (b)a]=4 x5 = —2

(a) z7 = 5; x5 =3 (b) ] =4 xy=-2

(a) (x—6)(x+1)(z—3)=0,0or 2> — 822+ 92 +18=0
(b) (x —1)(x —2)(x —3)(x —5) =0, or z* — 112> + 4122 — 612 +30 =0

. By Theorem III, we find:
(a) Yes. (b) No. (c) Yes.
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(a)

(b)

(b)

By Theorem I, any integer root must be a divisor of 6; thus there are six candidates: +1,

+2, and +£3. Among these, —1, %, and f%

By Theorem II, any rational root /s must have r being a divisor of —1 and s being a
divisor of 8. The r set is {1,—1}, and the s set is {1,—1,2,—2,4, —4,8, —8}; these give
us eight root candidates: :I:l,:l:%,:l:%, and :i:%. Among these, —1, 2, and 3 satisfy the
equation, and they constitute the three roots.

To get rid of the fractional coefficients, we multiply every term by 8. The resulting

equation is the same as the one in (b) above.

To get rid of the fractional coefficients, we multiply every term by 4 to obtain
47" — 242° + 312° — 62 — 8 =0

By Theorem II, any rational root /s must have r being a divisor of —8 and s being a
divisor of 4. The r set is {+1,+2,+4, 48}, and the s set is {+1, 2, +4}; these give us
the root candidates £1, :i:%, :I:i, +2,4+4,4+8. Among these, %, —%, 2, and 4 constitute the

four roots.

The model reduces to P? + 6P — 7 = 0. By the quadratic formula, we have P} = 1 and
Py = —7, but only the first root is acceptable. Substituting that root into the second or
the third equation, we find Q* = 2.

The model reduces to 2P?—10 = 0 or P2 = 5 with the two roots P; = v/5 and Py = —/5.
Only the first root is admissible, and it yields Q* = 3.

7. Equation (3.7) is the equilibrium stated in the form of ”the excess supply be zero.”

Exercise 3.4

1. N/A

10
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pr o (a2 — ba)(an — By) — (a0 — bo) (a2 — B5)
! (a1 —b1)(az = B5) — (a2 — b2) (a1 — By)

pro— (a0 — bo)(a1 = B1) — (a1 — b1) (o — By)
2 (a1 —b1)(az — By) — (a2 — b2) (a1 — By)
3. Since we have
00:18+2:20 01:—3—42—7 0221

Vo=124+2=14 ~, =1 Yo =—2—-3=-5
it follows that

v _ 144100 _ 57 _ 96 « _ 20498 _ 59 _
Pl =57 =% =37 and FPy= =37 =3

e

Substitution into the given demand or supply function yields

* 194 _ 11 x 143 _
Qi =5 =11z and @Q5=57=38

Sk

Exercise 3.5

(a) Three variables are endogenous: Y, C, and T.

(b) By substituting the third equation into the second and then the second into the first, we

obtain

Yza,—bd+b(1—t)Y+IQ+G0
or

[1—0b(1-t)]Y =a—bd+ I+ Go
Thus

a—bd+ Iy + Gy
T—b(1— )

Then it follows that the equilibrium values of the other two endogenous variables are

Y* =

d(1 —b) + t(a + Iy + Go)

T = d 4 ty* =
i 1011

and
a—bd + b(l - t)(Io + Go)
I—b(1—1t)

C*:Y*—Io—G():

11
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(a) The endogenous variables are Y, C, and G.
(b) g = G/Y = proportion of national income spent as government expenditure.
(c) Substituting the last two equations into the first, we get

Thus

a*bToﬂ’Io

Y* =
1-b—yg

(d) The restriction b+ g # 1 is needed to avoid division by zero.
3. Upon substitution, the first equation can be reduced to the form
Y —6YY2 - 55=0

or

w? —6w—55=0  (where w =Y"/?)

The latter is a quadratic equation, with roots
wi, wy = %6i (36 4+ 220)/2| =11, —5
From the first root, we can get
Y*=w2=121 and C*=25+6(11)=91
On the other hand, the second root is inadmissible because it leads to a negative value for C:

C* =25+6(—5) =5

12
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CHAPTER 4

Exercise 4.1

1.
Coefficient Matrix;
Qa —Qs =0 1 -1 0
Qa +bP =a 1 0 b
Qs —dP =-c 0 1 —d
2.
Qa1 —Qs
Qa1 —a Py —ax P
Q@s1 —01Pr —bo P
Qi Qe
Qa2 —aPr P
Qs2 =511 —B,P
) Coefficient matrix: ) Variable vector:
1 -1 0 0 0 0 Qa1
1 0 0 0 —a1 —as Qs1
0 10 0 =b —bo Qa2
0 01 -1 0 0 Qs2
0 0 1 0 —a1 —a Py
(0 00 1 B B, BN
3. No, because the equation system is nonlinear
4.
Y-C = L)+ Gy
Y +C = a
The coefficient matrix and constant vector are
1 -1 Iy+G
-b 1 a

13

Vector of Constants:

0

= qq
= bO
= oy
= Po
Constant vector:
0
ao
bo
0
ag
L /60 -
0

Instructor’s Manual
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5. First expand the multiplicative expression (b(Y — T') into the additive expression bY — bT so

that bY and —bT can be placed in separate columns. Then we can write the system as

Y -C =Ii+Gy
=Y +bT' +C =a
-ty 4T =d
Exercise 4.2
7 3 1 4 21 -3 16 22
L (a) (b) () (d)
9 7 0 -8 18 27 24 —6
2.
28 64
(a) Yes AB=| 6 0 |. No, not conformable.
13 8
14 4 20 16
(b) Both are defined, but BC = #CB =
69 30 21 24
—3+ % 0 -$+5 100
3. Yes. BA= | -34+1+28 243+8 =10 10
2 _ 4 6 _ 2
510 0 35— 001

Thus we happen to have AB = BA in this particular case.

0 2
49 3 3z + by
L@l | oo @ T (@ [ Tatc 2+4c |
xr+ 2y — 1z (1x2)
16 3 (2x2) (2x1)
(3%2)
5. Yes. Yes. Yes. Yes.

(a) xo+ x5+ x4 + 25
(b) a5 + agze + arxy + asxs
(C) b(ZEl + 2o + 23 + £E4)

(d) a12° + agal + -+ +apz" !t = a1 + agx + azax® + - + a2t

14
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(e) 22+ (x+1)2+ (z +2)% + (v + 3)?

7. (a) Z ixi(x; — 1)

i=1

-

@
[|
N
©
I
—
-
I
=

8.

n+1

(a) Z; T;

(b)

(Zm) +app=co+x1+ Ty FTpg1 =

=1

abiy1 + aboys + -+ - + abpyn

n
Z ab;y;
j=1

n n
Z Z; + Z Yj
j=1 j=1

Exercise 4.3

1.
5 15 5 -5
(a) w' = | 1 [ 3 1 -1 } =13 1 -1
3 9 3 -3
5 35 25 40
W ww'=| 1|57 8-1|=|7 5 8
3 21 15 24
X1 JU% T1T2 T1T3
(c) za’ = | x4 [ T1 Ty T3 } = | mox1 23 ToX3
T3 r3x1 T3T9 1‘%
5
@ ve=[3 1 —1]|1|=[5+1-3=[44]=1u
3

15

=1

Instructor’s Manual

a(biyr +baya + -+ + bpyn) = @Z bjy;

(@1 +u1) + (@2 +92) + - + (20 +yn)

(1 +a2+-+a)+ W1+ Y2+ +yn)
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3
(e)u'v:[5 1 3} 1| =p5+1-3=13
-1
Ty
(f) w'z= [ 7 5 8 ] xo | = [Tx1 + bxo + 8x3] = Txy + Sxe + 823
Zs3
)
() wu=[5 1 3]|1|=[25+1+9=[5=35
3
T
3
M) o'e=| 2 2 a5 || 2 | = [s}+aF+ad] = 3 a2
i=1
zs3
2.
) All are defined except w'z and z'y’.
1Y T1Y2
Y1 Y2 } =
T2Yy1 T2Y2
Y1
[m =i +ys
Y2
Z% Z1%2
|: Z1 22 :| =
Z921 Z%
3y1 2y1 16y
[3 2 16}
3y2 2y2 16y2
$1y1 + T2y
3.

n
(a) > PiQs
i=1
(b) Let P and Q be the column vectors or prices and quantities, respectively. Then the total

revenue is P - Q or P'Q or Q'P.

16
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4.
(a) wjwy = 11 (acute angle, Fig. 4.2¢)
(b) wjwe = —11 (obtuse angle, Fig. 4.2d)
(¢) wjwy = —13 (obtuse angle, Fig. 4.2b)
(d) wjwe =0 (right angle, Fig. 4.3)
) w

(e

0 ) )
5. (a)2v={ ] (b)u—i—v:[ ] (c)u—v:[ ]
6 4 -2

=5 (acute angle, Fig. 4.3)

-5 10 20
(d) v—u = (e) 2u+3v = (f) du —2v =
2 11 —2
6. (a)de; + Tes (b) 25e; — 2e2 + e3

(c) —e1 + 6ea 4+ 9e3  (d) 2e; + 8es

(a) d=/B=02+(2+1)2+(8-5)2 =27
(b) d=+/(9-2)2+0+ (4 +4)2 =113

8. When u, v, and w all lie on a single straight line.

9. Let the vector v have the elements (a1, ..., a,). The point of origin has the elements (0, ..., 0).

Hence:

(a) d(0,v) =d(v,0) =+/(a1 —0)2+...4 (a, —0)?
a?+...+a?
(b) d(v,0) = (v'v)"/? [See Example 3 in this section]

(c) d(v,0) = (v-v)"/?

Exercise 4.4

17
11 17

() (A+B)+C=A+(B+C) =

17
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-1 9
9 -1

b) (A+B)+C=A+(B+C) =

2. No. It should be A—B=-B+ A

3. (AB)C = A(BC) = i

250 68 ]

(a) k(A + B) [aij + b”] = [Imij + kb@]] = [kaij] + [k‘blj]

—k
= k[aij] + k [bi_j] =kA+ kB

(b) (g+k)A =(g+k)ai] =I[(g+ k)ai;] = [gaij + kaij]
= [gai;] + [kai;] = glai;] + K [ai;] = gA + kA

AB =

36 136
60 190

AB =

26 74 69
29 78 52

Instructor’s Manual

(12x 3) + (14 x 0) (12 x 9) + (14 x 2)
| (20x3)+(5x0)  (20x9)+(5x2)

(7Tx12)+ (11 x3) (7x4)+(11x6) (7x5)+(11x1)

AB = (2x12)+(9x3) (2x4)+(9%x6) (2x5)+(9x1)

117 94 46
= 51 62 19 | =C
138 76 56

18

(10x12)+ (6 x3) (10x4)+ (6x6) (10x5)+(6x1)
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(d)
AB (6x10)+(2x11)+(5x2) (6x1)+(2x3)+(5x9)
(Tx10)+(9x11)+(4x2) (Tx1)+(9x3)+(4x9)
92 57
177 70
(e)
—2x3 —2x6 —2x-2 -6 —12 4
i. AB= 4x3 4x6 4x =2 = 12 24 -8
Tx3 Tx6 7x-2 21 42 -14

ii. BA=[3x-2)+(6x4)+ (-2x7)] =4
5. (A+ B)(C+D)=(A+B)C+(A+ B)D=AC+ BC+ AD + BD
6. No, 2’ Az would then contain cross-product terms ajox1x2 and a1 x1Ts.

7. Unweighted sum of squares is used in the well-known method of least squares for fitting an
equation to a set of data. Weighted sum of squares can be used, e.g., in comparing weather
conditions of different resort areas by measuring the deviations from an ideal temperature and

an ideal humidity.

Exercise 4.5

1.
-1 5 7
(a) AIg—
0 -2 4
-1 5 7
(b) LA =
0 -2 4
(c¢) Lx = o
T2

(d) 2'Iy = [ Tr1 T2 }

19
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2.
-9+304+0 21
(a) Ab= =
0-1240 —12
(b) AIb gives the same result as in (a).
(c) 'TA=| —xy bay — 2wy Txy+ 4o
(d) 2’ A gives the same result as in (c)
3. (a)5x3 (b) 2x 6 (c)2x1 (d)2x5

4. The given diagonal matrix, when multiplied by itself, gives another diagonal matrix with the
diagonal elements a?,, a3, ..., a2, . For idempotency, we must have a? = a;; for every i. Hence
each a;; must be either 1, or 0. Since each a;; can thus have two possible values, and since
there are altogether n of these a;;, we are able to construct a total of 2" idempotent matrices

of the diagonal type. Two examples would be I,, and 0,.

Exercise 4.6

16
0 -1 3 0
1. A= B = C'=10 1
4 3 -8 1
9 1
s 24 17
2. (a) (A+B) =A'+B = - (b) (ACY =C'A'=| 4 3
4 3
4 -6

3. Let D = AB. Then (ABC) = (DC) = C'D' = C'(AB) = C'(B'A') = C'B'A’

10
4. DF = , thus D and F are inverse of each other, Similarly,
0 1
10
EG = , 80 E and G are inverses of each other.
0 1

5. Let D = AB. Then (ABC)™! = (DC)™' = C7'D! = CY(AB)™! = Cc~ (B~ !147!) =
CleflAfl

20
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(a) A and X’X must be square, say nxn; X only needs to be nxm, where m is not necessarily
equal to n.
(b) AA =[1T-XX'X)'X'|[I - X(X'X)"1X]
=T - IX(X'X)"' X' - X(X'X)" ' X'T+ X(X'X) ' X'X(X' X)L X'
[see Exercise 4.4-6]
=71 -X(X'X)' X' - X(X'X)' X'+ XI(X'X)tX' [by (4.8)]
=1 -X(X'X)'x’

=A
Thus A satisfies the condition for idempotency.

Exercise 4.7

1. Tt is suggested that this particular problem could also be solved using a spreadsheet or other
mathematical software. The student will be able to observe features of a Markov process more

quickly without doing the repetitive calculations.

0.9 0.1
(a) The Markov transition matrix is
0.7 0.3
(b) Two periods Three Periods Five Periods Ten Periods
Employed 1008 1042 1050 1050
Unemployed 192 158 150 150

(c) As the original Markov transition matrix is raised to successively greater powers the

resulting matrix converges to

0.875 0.125
M" —
noee 0.875 0.125

which is the "steady state”, giving us 1050 employed and 150 unemployed.

21
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CHAPTER 5

Exercise 5.1

1. (a) (5.2) (b) (5.2) (c)(5.3) (d) (5.3) (e) (5.3)
(f) 5.1)  (g) (5-2)

2. (@)p=q M)p=q (Jp=q

3. (a) Yes (b) Yes (c)Yes (d) No;vh=—2v]

4. We get the same results as in the preceding problem.

(a) Interchange row 2 and row 3 in A to get a matrix A;. In A; keep row 1 as is, but add
row 1 to row 2, to get As. In As, divide row 2 by 5. Then multiply the new row 2 by —3,

and add the result to row 3. The resulting echelon matrix

15 1
As=10 1 1
0 0 82

contains three nonzero-rows; hence r(A) = 3.

(b) Interchange row 1 and row 3 in B to get a matrix B;. In By, divide row 1 by 6. Then
multiply the new row 1 by —3, and add the result to row 2, to get Bs. In Bs, multiply

row 2 by 2, then add the new row 2 to row 3. The resulting echelon matrix

1 ¢ 0
By=|0 1 4
0 0 0

with two nonzero-rows in Bs; hence r(B) = 2. There is linear dependence in B: row 1 is

equal to row 3 — 2(row 2). Matrix is singular.

(¢) Interchange row 2 and row 3 in C, to get matrix C;. In C; divide row 1 to 7. Then
multiply the new row 1 by —8, and add the result to row 2, to get C5. In Cs, multiply
row 2 by —7/48. Then multiply the new row 2 by —1 and add the result to row 3, to get
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Cs5. In Cs3, multiply row 3 by 2/3, to get the echelon matrix

6 3 3

Lz 5 3

_ 1 2
0 0 1 L

<l

There are three nonzero-rows in Cy; hence r(C) = 3. The question of nonsingularity is

not relevant here because C is not square.

interchange row 1 and row 2 in D, to get matrix D; (This step is optional, because we can
just as well start by dividing the original row 1 by 2 to produce the desired unit element
at the left end of the row. But the interchange of rows 1 and 2 gives us simpler numbers
to work with). In Dj, multiply row 1 by —2, and add the result to row 2, to get Ds.
Since the last two rows of Ds, are identical, linear dependence is obvious. To produce an
echelon matrix, divide row 2 in Ds by 5, and then add (—5) times the new row 2 to row

3. The resulting echelon matrix

gw

Dy =

o o —

[

o ule o
|

o

contains two nonzero-rows; hence r(D) = 2. Again, the question nonsingularity is not

relevant here.

5. The link is provided by the third elementary row operation. If, for instance, row 1 of a given

matrix is equal to row 2 minus k times row 3 (showing a specific pattern of linear combination),

then by adding (—1) times row 2 and k times row 3 to row 1, we can produce a zero-row. This

process involves the third elementary row operation. the usefulness of the echelon matrix

transformation lies in its systematic approach to force out zero-rows if they exist.

Exercise 5.2

1. (a) —6 (b) 0 (c) 0 (d) 157
(e) 3abc — a3 — b3 —c*  (f) 8wy + 22 — 30
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a f d f a b
3. M| = , | M| = _ |My| =
h i g i g h
|Cal = [ M| |Co| = — [ M| Cy| = — | M|
4. (a) 72 (b) —81
2 3 4
5. The cofactor of element 9is —| 1 6 01]=20
0 -5 0
6. First find the minors
11 4
[Mlgy = =69
2 7
9 4
[Mlg, = =51
3 7
9 11
[Mlgg = =-15
3 2

Step 4: Since a cofactor is simply the minor with a particular sign, according to |Cj;| =

(—1)"7 | M;;| we find:

Car| = (=1)*|Mz| =69
G| = (=1)°|Mago| = =51
|C3| = (_1)6 |Ms3] = —15

7. Expand second column

Al = a12|Ci2| + a22|Ca2| + aszz |Cs2]
2 6 15 9

Al = (T)(-1) +(5) +0
9 12 9 12

Al = (7)(—30) + (5)(99) = 705

Exercise 5.3

1. N/A
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2. Factoring out the k in each successive column (or row)—for a total of n columns (or rows)-will

yield the indicated result.
3. (a) Property IV. (b) Property III (applied to both rows).
4. (a) Singular. (b) Singular. (c) Singular. (d) Nonsingular.
5. In (d), the rank is 3. In (a), (b) and (c), the rank is less than 3.

6. The set in (a) can because when the three vectors are combined into a matrix, its determinant

does not vanish. But the set in (b) cannot.
7. A is nonsingular because |A| =1 -0 # 0.

(a) To have a determinant, A has to be square.

(b) Multiplying every element of an n x n determinant will increase the value of the deter-

minant 2" —fold. (See Problem 2 above)

(¢) Matrix A, unlike |A|, cannot ”vanish.” Also, an equation system, unlike a matrix, cannot

be nonsingular or singular.
Exercise 5.4

4 4
1. They are ) a;3|Cjo| and )~ as; |C4jl, respectively.
i=1 j=1

L =2 AdjA 1 -2
2. Since adjA = , We have A=t = £O8 i
0 5 |A] 0 5
2.0 -1 -7
Similarly, we have B~ = —% ,C7l = _i
-9 -1 -3 3

(a) Interchange the two diagonal elements of A, multiply the two off-diagonal elements of A

by —1.

(b) Divide the adjA by |A]|.
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3 2 -3 0 2 -3
_ 1 — —1
4 El=g5| -1 2 7, Fl=%110 -6 -1 |,
-6 -4 26 0 -4 1
10 0 1 00
G != 0 11, H'=|0 10|,
01 0 0 0 1
13 1 16
13 1 16 B L L
-1 _ 1 . A 1 _ 11 31 6
1 1 1
6.
(a)
x = A7l
5 —3
Y - ? 42
_ | @es+H(FE) @) | |1
| (—3) (28) + (3) (42) 8
(b)
r = A ld
13 1 16 104 12 80
— 11 31 6 — 88 372 30 —
1 1 1 8 12 5
3 T T 7 5 —ut ut 7 1

7. Yes, Matrices G and H in problem 4 are examples.

Exercise 5.5

(a) |A| =7, |A1| = 28, |As| = 21, Thus x} =4, x5 = 3.
(b) |A] = —11, |A4] = =33, |A2| =0, Thus x5 =3, 25 = 0.

(c) |A| =15, |A1] = 30, |As| = 15, Thus =7 = 2, 25 = 1.
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(d) |A4] = |A1] = |A2] = =78, Thus 2 = 25 = 1.

1 2 4
(a) A~ t=12 and ¥ = A~ ld =
-2 3 3
1 -3 3
(b) A7t =41 and 2* = A~ ld =
-4 -1 0
17 2
(c) A=+ and 2* = A~ld =
-1 8 1
—3 -9 1
d A7t==1 and 2* = A~ ld =
-7 5 1

(a) |A] =38, |A1] =76, |A2] =0, |A3| =38; thus 1 =2, 25 =0, z§ = 1.
(b) |A] =18, |A1| = —18, |A2| = 54, |A3| = 126; thus ] = =1, 25 =3, 25 = 7.
(c) |A| =17, |A1| =0, |A2| = 51, |As| = 68; thus z* =0, y* = 3, z* = 4.

(d) |A‘ = 47 |A1| = 2(b+c)a |A2| = 2(&+C), |A3| = 2(a+b)7 thus z* = %(b+c)a y* = %(CL+C),
z*=1(a+0).

4. After the indicated multiplication by the appropriate cofactors, the new equations will add up

to the following equation:
n n n n
Zail |Cijl @1 + ZaiQ |Cijl w2 + -+ + Zain Cijl zn = Zdi |Cjl
i=1 i=1 i=1 i=1
When j = 1, the coeflicient of x; becomes |A|, whereas the coefficients of the other variables
n
all vanish; thus the last equation reduces to |A| z1 = >_ d; |Ci1], leading to the result for 27 in

=1
(5.17). When j = 2, we similarly get the result for x35.

Exercise 5.6

1 -1 0 Y Iy + Go
1. The system can be written as| —p 1 b C | = a
-t 0 1 T d
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1 1 b |
(a) Since A™! = m b(1—t) 1 —b |, the solution is
t t 1-b
Y™ Ip+Go+a—bd
o e pp— b(1 —t)(Io + G bd
- T 1-btobt (1=t)o+Go) +a—
T* t(lo + Go) + at +d(1 —b)

(b) |Al=1—b+bt
|A1] = Io + Go — bd + a
|As| = a — bd + b(1 — t)(Io + Go)
|As| = d(1 —b) +t(a+ Ip + Go)

Thus
V¢ = In+ Gy +a—bd
- 1—b+bt
* a—bd-f—b(l—t)(f()‘FGo)
C =
1—-b+0bt
™ — d(1 =0b)+t(Ip + Go +a)
B 1—b+0bt
1 -1 -1 Y I
2. The system can be written as| —p 1 0 C|=1| a-0bly
—-g 0 1 G 0
1 1 1
(a) Since A~! = 141779 b 1—g b , the solution is
g g 1-b
Y* Ip+a— by
_ 1
G* 9(Io + a — bTp)

(b) [Al=1-b-g
|A1] = Io+a—bTp
|A2| = blo + (1 — g)(a — bTp)
|As| = g(Lo + a — bTp)
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Thus
Ve — Iy +a — bTy
1-b—g
% bIO+(1—g)(a—bT0)
C =
1-b—g
G* _ g([o‘i’a*bTo)
1-b—g
3.
(a)
3100 Y 252
25  —200 R 176
(b) The inverse of A is
1 1 | —200 —.25
At — . AdjA =
|A] 81 —100 3
0 20
— 17 17
.05  —.06
17 17
Finally,
4
Yy _ | @ W 252 | | 800
R 2 S5 176 12
Exercise 5.7
x 0.66 0.30 0.24 30 26.70 69.53
Lo| a5 | =535 | 034 062 024 15 | =535 | 21.90 | = | 57.03
x4 0.21 0.27 0.60 10 16.35 42.58

3
2. 3 agjat = 0.3(69.53) + 0.3(57.03) + 0.4(42.58) = $55.00 billion.
j=1

3.
0.10 0.50 0.90 —0.50 i o
(a) A= I —A= . Thus the matrix equation is
0.60 0 —0.60  1.00
0.90 —-0.50 1 1000
-0.60  1.00 To 2000
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(b) The leading principle minors of the Leontief matrix are |By| = 0.90 > 0, |By| = |I — A| =

0.60 > 0, thus the Hawkins-Simon condition is satisfied.

(c) o7 = 208 = 33335 a5 = 238 = 4000
4.
(a) Element 0.33: 33c of commodity II is needed as input for producing $1 of commodity I.
Element 0: Industry III does not use its own output as its input.
Element 200: The open sector demands 200 (billion dollars) of commodity II.
(b) Third-column sum = 0.46, meaning that 46¢ of non-primary inputs are used in producing
$1 of commodity III.
(¢) No significant economic meaning.
0.95 —-0.25 —0.34 1 1800
(d) | —=0.33  0.90 —0.12 zo | =] 200
—-0.19 —-0.38 1.00 x3 900
0.95 —0.25
(e) |Bi] = 095 > 0 |Bs| = = 0.7725 > 0 |Bs| = |I—A|] =
—-0.33  0.90
0.6227 > 0
The Hawkins-Simon condition is satisfied.
D.

(a) 1st-order: |B11|, |B22|, |B33|, |B44|

ondorder: b1 b127 bi1 b137 bi1 bia
ba1 b2 bs1 b33 bar baa
baa b3 baa  baa bz  baa
bso bss | | baz bua | | bus bu
bin bz bis bin bz bus bin b1z bus baa b2z bay
3rd-order:| by;  boy Doz || bar oo boa [+| b3 bzz bsa || bz bsz Dbas
bs1 bsz bss bar baz bay bar  baz  bas biz  baz bay

4th-order: same as |B).

(b) The first three leading principal minors are the same as those in (5.28). the fourth one is

simply |B).
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6. The last part of the Hawkins-Simon condition, |B,| > 0, is equivalent to |B| > 0. Since
|B| is a nonsingular matrix, and Bx = d has a unique solution 2* = B~'d, not necessarily

nonnegative.
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CHAPTER 6

Exercise 6.2

1.
Ay  Alx+Ax)?4+9— (422 +9)
@) X, = Ao =8z +4Ax
(b) dy/dz = f'(z) = 8
(¢) f(3) =24 and f'(4) = 32.
2.
Ay
(b) dy/dx =10x —4
() f'2)=16  f'(3) =26
3.
Ay .
(a) N 5; a constant function.

(b) No; dy/dx = 5.

Exercise 6.4

1. Left-side limit = right-side limit = 15. Yes, the limit is 15.

Instructor’s Manual

2. The function can be rewritten as ¢ = (v® + 6v? 4+ 12)/v = v? 4+ 6v + 12 (v # 0). Thus

(a) limg =12 (b) limg = 28 (c) limg = a® 4 6a + 12
V— v— v—a

3. (a) 5 (b) 5

4. If we choose a very small neighborhood of the point L + a2, we cannot find a neighborhood of

N such that for every value of v in the N-neighborhood, ¢ will be in the (L + as)-neighborhood.
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Exercise 6.5

(a) Adding —3z — 2 to both sides, we get —3 < 4x. Multiplying both sides of the latter by
1/4, we get the solution —3/4 < .

(b) The solution is z < —9.
(c¢) The solution is x < 1/2
(d) The solution is —3/2 < z.

2. The continued inequality is 8 — 3 < 0 < 8z. Adding —8x to all sides, and then multiplying
by —1/8 (thereby reversing the sense of inequality), we get the solution 0 < x < 3/8.

(a) By (6.9), we can write —6 < x + 1 < 6. Subtracting 1 from all sides, we get -7 < x < 5

as the solution.
(b) The solution is 2/3 < x < 2.

(c) The solution is —4 < z < 1.

Exercise 6.6

1.
(a) lir%q:7—0+0:7
v—
(b) 1ir%q=7—27+9: —11
(c) liI%q:7+9+1:17
2.
(a) lim ¢ = lim (v+2)- lim (v—4)=1(—4) = —4
v——1 v——1 v——
(b) 1ir%q =2(-3)=—-6
(c) lir%q =7(2) =14
3.

(a) lim = lim(3v +5)/lim (v +2) =5/2 = 24
v—0 v—0

v—0
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(b) limg = (15+5)/(5 +2) = 20/7 = 28

(¢) limg=(-34+5)/(-1+2)=2/1=2

v——

Exercise 6.7

1. For example,

/‘1
"/ i »
'_‘_',_--| r/"’ /r_,/'
1 1 1
! | 1
1 | 2]
X Xq x4
2. (a) lirrjlvq = N2 -5N —2=g(N) (b) Yes. (c) Yes.
3. (a) hn}vq = (N +2)/(N? +2) = g(N)
(b) Yes. (¢) The function is continuous in the domain
4. (a) No. (b) No, because f(x) is not defined at = = 4;
i.e., x = 4 is not in the domain of the function.
(c) for & # 4, the function reduces to y = x — 5, so liIr}ly = -1
r—

5. No, because ¢ = v + 1, as such, is defined at every value of v, whereas the given rational
function is not defined at v = 2 and v = —2. The only permissible way to rewrite is to qualify

the equation ¢ = v + 1 by the restrictions v # 2 and v # —2.

6. Yes; each function is not only continuous but also smooth.
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CHAPTER 7
Exercise 7.1
1. (a) dy/dx = 1221 (b) dy/dx =0 (¢) dy/dz = 35z*
(d) dw/du = —3u=? (e) dw/du = —2u~1/? (f) dw/du = u=3/*
) (a) 4275 (b) 32—2/3 (c) 20w?
. (d) 2¢cx (e) abu’~! (f) abu=t~1
3.

=10z73; thus f/(1) =10 and f/(2) = ¢ =47

=23 = ¥x; thus f/(1) =1 and f/(2) = V2

(e) f'(w)=2w=2/3; thus f'(1) =2 and f/(2) =2-272/3 =21/3

() f'(w) = w75 thus f'(1) = 3 and f/(2) = 5(277/¢) =271 . 277/

4. Refer to the following two graphs

¥ y

hh_‘)

Exercise 7.2

1. VC = @3 —5Q? + 12Q. The derivative %VC’ =3Q? — 10Q + 12 is the MC function.

2. C'=AC-Q = Q% — 4Q? + 174Q. Thus MC = dC/dQ = 3Q? — 9Q + 174.

Since the total-cost function shows zero fixed cost, the situation depicted is the long run.
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3. (a) 3(272% + 62 — 2) (b) 54a? + 78z — 70

(c) 12z(x 4+ 1) (d) cx(ax — 2b)

(¢) —a(9 + 14) (2 L+3_2°-3

4. (b) R=AR-Q =60Q — 3Q? and MR = dr/dQ = 60 — 6Q.
(c) It should.
(d) The MR curve is twice as steep as the AR curve.
5. Let the average curve be represented by A = a + bx. Then the total curve willbe T = A -z =
axr + bx?, and the marginal curve will be M = dT/dx = a + bz.

6. Let ¢(x) = g(x)h(x); this implies that ¢'(z) = ¢'(x)h(x) + g(x)' (x). Then we may write
L f@e@n@] = L @) = @6 + @) @)
= [(@)g(@)h(z) + f(z) [g'(x)h(z) + g(z)h' (x)]
= [(@)g@)h(z) + f(2)g (z)h(x) + f(z)g(x)l (x)
2 =3 9 30 acx? + 2adz — be
7 (a) 72 (b) _P (C) (w T 5)2 ( ) (2;, ¥ d)2
8. (a) di(ax +b)=a (b) dix(ax +b)=2ax+b
1 —a q d ax +b  —b
(C)gaxwLb_(a:erb)Q ( de = a2
9.

(a) Yes; the continuity of f(z) is a necessary condition for f(z) to be differentiable.

(b) Noj; a continuous function may not have a continuous derivative function (e.g., Fig. 7.1c).
10.
(a) MC=4EL=6Q+7
_Ic _ 12
AC =5 =3Q0+7+3
(b) MR=%gt=10-2Q
AR=TE=10-Q

(c) MP=4%E =q42bL —cL?

AP =1L = g4 bL — cL?
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Exercise 7.3

1. dy/dx = (dy/du)(du/dz) = (3u® + 2((—2x) = —22[3(5 — x2)% + 2]
2. dw/dz = (dw/dy)(dy/dz) = 2ay(2bz + c) = 2az(2b*x? + 3bcx + ¢?)
3.
(a) Let w = 322 — 13; this implies that dw/dz = 6z. Since y = w?, we have % = L dv
3w?(6z) = 18x(32% — 13)?

(b) & = 18922(72° — 5)®

S

(c) ¢ =5a(az +b)*
4. Both methods yield the same answer dy/dx = —32(16x + 3)~3

5. The inverse function is = % — 3. The derivatives are dy/dx = 7 and dx/dy = 1/7; thus the

inverse function rule is verified.

(a) Since z > 0, we have dy/dx = —62° < 0 for all admissible values of x. Thus the function

is strictly decreasing, and dx/dy is equal to —1/6x°, the reciprocal of dy/dx.

(b) dy/dx = 20z* 4+ 322 + 3 > 0 for any value of x; thus the function is strictly increasing,
and dx/dy = 1/(20x* + 322 + 3).

Exercise 7.4

1. (a) Oy/Oz1 = 623 — 223179 y/Oxy = —1123 + 622

(b)  Oy/0x1 =T+ 623 Oy /Oxy = 122129 — 2723

() Oy/or1 = (2(x2 —2) 0y/0ry =211+ 3

(d) 9y/dx1 =5/(x2—2) Qy/Oxg = —(5x1 + 3)/(x2 — 2)?
2. (a) fr.=32%+5by fy =5z — 3y?

(b)  fo =322 4z -3y fy=-3(x—2)

(c)  fo=5y/(x+y)? fy=—=52/(z +y)?

(d)  fo=(a?+1)/a%y fy=—(@*—=1)/zy?
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3. (a)l2 (b) -7 (c) 10/9 (d) 1
4. MPPg = (0.3)96K 0707 MPP(0.7)96 K303
5. (a) U1 :2(1'1 +2)($2+3)3 U2 :3(IE1+2)2(.’E2+3)2

(b) U (3,3) = 2160

(a) Since M = D + C, where C = ¢D, it follows that M = D +c¢D = (1 +¢)D.
Since H=C+R=cD+rD = (c+r)D, we can write D =
(1+cH
c+r

. Thus, by substituting
c+r

out D, we have M =
oM  —(1+c)H

(b) o T (et < 0. An increase in in r lowers M
M H —(1 H H(r-1

(c 8— = (c+r)=(+c) = (r=1) < 0. An increase in ¢ also lowers M
oc (c+71)? (c+7)?

7. (a) grad f(z,y,2) = (22,3y%,42°)
(b) grad f(z,y,2) = (yz, zz,zy)

Exercise 7.5

Q* d 0Q*  —d(a+c)
Y Trra ! % - brd? "
00 v og_dare)
dc  b+d ad (b4 d)
2.
Y (investment multiplier) = oV (consumption multiplier)
oL, PRV 0a P P
— ; >0
1 —p4p6
oyt v+ (1—6)(a+ Iy + Go)
9B (1- 5+ p8)°
-7+ (1-6Y*
R E Gl Gy WYCAT)
(1 -8+ ps)
Y*-T*
= —— [by (7.17)]
(1 -8+ po)
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. . . oY* . . .
Assuming non-confiscationary taxation, we can takea—ﬁ to be positive; an increase in the
marginal propensity to consume raises the equilibrium income.

3.
(a) Nine.
(b) or;  0.66 dxr7  0.30 Or;  0.24
ady  0.384 ddy — 0.384 ddy 0384
% 034 % _0.62 % 024
ady — 0.384 9dy — 0.384 ddy 0384
Oz 0.21 Oxy  0.27 Ozz _ 0.60
ddy — 0.384 ddy — 0.384 dds — 0.384
0.66 0.30 0.24
o o L gy | o Lle| 2oLty
ody  0.384 | ody — 0.384 | ods — 0.384 |
0.21 0.27 0.60
Exercise 7.6
1.
6.’L’1 1
(a) |J] = =0
(3623 + 123129 + 4811) (627 + 225 + 8)
The function is dependent.
6x; 4z
) [J =] = 7| =202,
5 0
Since |J] is not identically zero, the functions are independent
2.
Vil V12 V13
(@) [JI=] va1 wvaz wos | =1V

V31 V32 Us3
(b) Since V has an inverse matrix (I — A), it must be nonsingular, and so |V| # 0, or |J| # 0.

The equations in (7.22) are thus functionally independent.
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CHAPTER 8

Exercise 8.1

(a) dy=—=3(2* +1) da
(b) dy = (14x — 51) dz

1— 22
(c) dy =

——= AT
(22 + 1)

aM

JYy _ marginal propensity to import

2. € =
MY % average propensity to import
Y

a+bY
Y

(o) 2 =

(b) €cy =

C
b —_— =
Y
by
= 0
a+bY >

(c) Since bY < a + bY, it follows that ecy < 1.

<ol

4. Since Q = kP~", with Z—g = —nkP" ! and % = kP" !, the point elasticity of demand is

€4 = —n = a constant.
(a) No.

(b) When n = 1, the demand function is @ = %, which plots as a rectangular hyperbola,

with a unitary point elasticity everywhere.

(a) Any positively sloped straight line emanating from the point of origin will do. [see the

broken line in Fig. 8.3b.]

(b) The equation for such a line is y = bz (with zero vertical intercept), so that dy/dx =b =

y/x. Hence, by (8.6), the elasticity is 1, a constant.
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6. (a) the price elasticity of demand is

i_ 0Q (P
6_8P<Q)

where the partial derivative with respect to price is

9Q
op = 2
and Q = 100 — 2(20) + 0.02(5000) = 160.Therefore

20 1
d

= —2 _— -
€= )160 4

(b) The income elasticity of demand is

QY
"_87(5)

where the partial derivative with respect to income is

0Q
v = 0.02

Substituting the relevant values

5000
— (0.02)— = 0.625
n = (0.02) 160

Exercise 8.2

1. Let VU be the row vector [Ut,...,U,], and dz be the column vector [dz1,...,dx,]. Then
dU = VUdzx.

(a) dz = (6 +y) dz + (z — 6y%) dy

(b) dU = (2 + 91‘2) dxry + (91‘1 + 21’2) dxo

T
a) dy = dxy, —
( ) (ﬁCl +$2)2 1 (ﬁvl +$2)2

2 2
(b) dy =2 (525 ) dor +2 (555;) deo

!

dl’g
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4.
Q P 2bP?
= = 2bP, thus egp = 20P= = ————
opP OB thus cop = 200G = R T R
dQ 1, 1 __.,R RY/?
_ — _R /2 th = —R 1/2— = .
dR 't T CRR TSN 0 T 2 (a1 bP2 1 B2
5.
40P R1/?
ier = (at )2§Oas (a—i—Rl/Q)EO
op (a+bP? + RY/2)
o) —bP?R1/? 0
—€op = <
oR"? (a+bP? 4+ R1/2)*
o) —bPR™/2 “0
2 on =
P ? (a+bP2+R1/2)2
R1/2 bP2
ieQR = (a+bP%) 5= 0as (a+bP?) 20
oR 4 (a+bP?+ RV/?)

Each of these derivatives adheres to a single sign, thus each elasticity varies with P and R in a
strictly monotonic function. (Note that even %EQ p adheres to a single sign, because in the
context of that derivative, R is a constant, so that (a + RY 2) has a single magnitude with a

single sign. The same reasoning applies also to aiREQ R-)

0X _
I —2

6. EXp — or = =
F  YPpipps o yPpraa

7.

(a)

U, = 1522 —12y
U, = —12z— 30y
dU = (152% — 12y)dx — (122 — 30y*)dy
(b)
U, = lday?
v, = 21x%y?
dU = (lday®)dx + (212%y*)dy
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U: = 32%(8) + (8z — Ty)(6z)

U, = 32%(=7)+ (8z — 7y)(0)

dU = (722 — 42zy)dx — 212°dy
(d)
Us = (52% +Ty)(2) + (22 — 49*)(10x)
U, = (52%+7y)(—12y%) + (2z — 49°)(7)
dU = (3022 — 402> + 14y)dx — (112> + 6022y* — 14z)dy
(e)
b 0 - %)
(z —y)?
_ (a—9)@7y%) — 9P (1)
Y = (x—y)?
_ —9y3 27xy? — 1833
S N PR E R
(f)
U. = 3(z—3y)>*Q1)
Uy = 3(x—3y)*(-3)
dU = 3(x — 3y)*de — 9(x — 3y)*dy

Exercise 8.3

(a) dz =6z dx + (ydr + xdy) — 6y* dy = (63 + y) dx + (x — 6y*) dy

(b) dU = 2dzy + (922 dxy + 921 dxa) + 225 dxg = (2 4 922) dxg + (921 + 222) das

(a) dy = (z14x2) dei—xi (dei+dea) _ zoday—xides
v= (z1+2)2 T (z1ta2)?
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(b) dy _ (i1t4m2)(2x2 dzyi 224 dzg) 2zi1xo(dzi+daa) 2x3d11+2w§dzg

(z1+22)2 (z1+22)2

(a) dy = 3[(2x2 — 1) (x3 + 5) dx1 + 2x1 (x3 4+ 5) dxe + 21 (222 — 1) dag)

(b) dy =312x9 — 1) (z3+5) day

4. Rule II: d(cu™) = (Lcu™) du = cnu"' du

Rule IIT: d (u +v) = Uiv ) du + léf” dv=1du+ (£1)dv = du + dv
Rule IV: d (uv) = 8(%) du + ( Y dy = vdu+ udv

Rule V: d (%) :%{Lwdu—l—%dv:%du—v%dv:v—lz(vdu—udv)

Exercise 8.4

1.
(a) ZZ:ZI%“‘ZU (54 y)6y + x — 2y = 28y + 6y> + = = 28y + 9y>
(b) £ =4dy—

(c) 9 = —15z + 3y = 108y — 30

2.

(a) % = Z2do 4 8290 — (20— 8y) (3) + (—8z — 3y?) (—1) = ldw— 24y +3y* = 3t + 60t — 21

(b) L =7(4t) +t(1) +v =29t +v =30t + 1
(c) % =bfe+kfy+ fi

3. 92 = g AK L8 + bBAKLO + A'(t) KL = [aad +b34 + A'(t)] KLP

4.

(a)

w ow d oW o ow
fff_u = o dz+8_ya_z+mz(2a:r+by)(a)+(bx)(7)+c
= a[2a(au+ Bv) + byu] + by (au + Bv) + ¢
w ow d ow 9
3;71 T or di oy c’)y (2az +by) () + (bx)(0)

= f[2a(au+ Bv) + byu]
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(b) £ =10ufi+ o LY =30 -120%F,

Exercise 8.5

1.
(@) 3 =—f=—5"=6
(b) %:—Z:_(—;z):4
(c) %:—;—:__(279114-6):2 6
2.
(b) =4 =5 = 300!
(c) %:—%:_%
@) %:7%:*%:&%
3.

dy
dx

dz

fr 2xy> + yz
fy  3z2y2 +zz
fz 2z + xy

fy 3222 +az

45
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dy fr 32222 4 4yz
de fy 3y +4daz
dy fz 223z + dxy
dz fy 3y +daz
()
dy fx 6zy> + 2%y% + 4y3 223
de fy 92292 4 222y + 3y2zat + 2yz
dy [z 222y + yPzt + o2
dz fy 92292 + 2222y + 3y2zat + 22
4.
OF OF oF OF
(a)a_Uf—a—mg ou o, Oxs _ Buy 0ty Day
~ ToF - TR - T r> - T or
0xa 5 Oxp, 5 0x2 Bos 0xy, o
(b) The first two are marginal utilities; the last two are slopes of indifference curves (negatives
of marginal rates of substitution).
5.

(a) Point (y=3, x=1) does satisfy the given equation. Moreover, F,, = 322 — 42y + 3y* and
F, = =22 + 6xy are continuous, and F, = 16 # 0 at the given point. Thus an implicit

function is defined, with:

dy _ _Fp __ _3;1:2—43cy+3y2 _

_18 _
= 6=

de = Fy —2224+-6zy

—% at the given point

(b) The given point satisfies this equation also. Since both F, = 4z + 4y and F,, = 4z — 493

are continuous, and F, = —104 # 0 at the given point, an implicit function is again
defined.
dy _ Adx4dy 16

= — = —1% at the given point

dx dr—4y3 — T —104 —

6. Point (z =1, y =2, 2 =0) satisfies the given equation. Since the three derivatives F, =
2z + 3y, Fy, = 3v + 22 + 2y, F, = 2y + 2z are all continuous, and F, = 4 # 0 at the given
point, an implicit function z = f(z,y) is defined. At the given point, we have

Oz __ _ 2x+3y __ -9 Oz _ _ 3x+2242y __
or — 2y+2z oy 2y+2z

_T
1

7. The given equation can be solved for y, to yield the function y = z (with the 45% line as its

graph). Yet, at the point (0,0), which satisfies the given equation and is on the 45° line,
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10.

we find Fy, = —3(z — y)® = 0, which violates the condition of a nonzero F, as cited in the
theorem. This serves us to show that this condition is not a necessary condition for the

function y = f (x) to be defined.
F, z _
By (8:23), %% = (- %) (-#) (&)=
At least one of the partial derivatives in the vector of constants in (8.28’) must be nonzero;

otherwise, the variable 21 does not affect F'', F? and F?2, and has no legitimate status as an

argument in the F functions in (8.24).
To find the nonincome-tax multiplier % (along with 83—6;* and 88—7:;), the relevant matrix

equation is

Y™ or!
1 -1 0 || % oy 0
ac* — AF? —
R B B B ol Bl B
oT* oF?
Thus
0 -1 0
0 1 8
oy 1 0 1 -3
= = b .].
& ] T O

This result does check with (7.20).

Exercise 8.6

(a) S’=marginal propensity to save; T’=marginal income tax rate; ’=marginal propensity
to invest.

(b) Writing the equilibrium condition as F(Y;Go) = SY)+T(Y) - I(Y) — Gy = 0, we find
that F has continuous partial derivatives and g—{i =S8"4+T' —I #0. Thus the implicit-
function theorem is applicable. The equilibrium identity is: S(Y*)+T(Y*)—I(Y*)—Gp =
0.

(¢) By the implicit-function rule, we have

o W R |
(dGo) = —ggr—r = 5yr—r >0

As increase in Gg will increase the equilibrium national income.
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(a) F(P7Y07TO) :D(P7YO)_S(P7TO) =0

(b) F has continuous partial derivatives, and Fp = Dp — Sp # 0, thus the implicit-function

theorem is applicable. The equilibrium identity is: D(P*,Yp) — S (P*,Tp) = 0.
(¢) By the implicit-function rule,
aP*\ _ D aP*\ _ -5
(ayo) = Do >0 (B—TO) __Dp*ngp* >0

An increase in income or taxes will raise the equilibrium price.

(d) The supply function implies Q* = S(P*,Ty); thus (%) = 6‘3;1 (%—5:) > 0.

The demand function implies Q* = D (P*,Y}); thus (%) = 6‘91?* (%—1;;) < 0.

Note: To use the demand function to get (%) would be more complicated, since Yy
has both direct and indirect effects on Q7. A similar complication arises when the supply

function is used to get the other comparative-static derivative.

3. Writing the equilibrium conditions as

Fl(P7Q;Y05TO) = D(P,Yo)—Q:O
F*(P,Q:YoTy) = S(P,Ty)—Q=0
Dp -1
We find |J| = = Sp — Dp # 0. Thus the implicit-function theorem still applies,
Sp -1

and we can write the equilibrium identities

D(P*Yy)—-Q* = 0
S(P*\Ty)—Q* = 0

Total differentiation yields

Dp-dP* —dQ* = —Dy,dY,

Sp+dP* —dQ* = —Sp,dI}
When Y} is disequilibrating factor (dTy = 0), we have

pp -1 | [ (%) Dy,
se -1 ]| (5%) 0
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(2B) = Pyo 0Q" | — DvoSpr
Thus (ayo) =g5—pr >0 and (ayo) = %o >0

When Tj is the disequilibrium factor (dYy = 0), we can similarly get ( >0

and (8@*) Sy Dp+

oP*\ _ Sty
8To )| = Spr—Dp=

9Ty ) — Spx—Dp~
4.
(a) OD/OP <0, and 0D/0ty > 0
(b) F(P;to,Qs0) = D (Pto) — Qs0 =0
(c) Since the partial derivatives of F are all continuous, and Fp = g—g # 0, the implicit-
function theorem applies.
(d) To find (%—fo*), use the implicit-function rule on the equilibrium identity D (P*,tq) —
Qs0 =0, to get
opr* 9p
ot ) = 2 >0
0 oP*
An increase in consumers’ taste will raise the equilibrium price.
5.

(a) Yes.
(b) kY + L (4)
(c) We can take the two equilibrium conditions as the equilibrium F! = 0 and F? = 0,

respectively. Since the Jacobian is nonzero:

dF!  9F! ' ’
, 1-C" -1

g =1 %Y 9 = =L1-C"Y+kI'<0
TN

the implicit-function theorem applies, and we have the equilibrium identities

Y*—C(Y*) = 1(i*) — Gy 0

KY* 4+ L(*)— My = 0

with Mo as the disequilibrating factor, we can get the equation

oy

1-c - || 8] |t
01"

I o 0

This yields the results
aY™ L oi* k
— | =—=>0 d — | =——=>0
<8G0) EiR <aao) 717
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(d) fl(x)=6x—6=0iff z =1; f(1) = —1 is a relative minimum.

(a) The first equation stands, but the second equation should be changed to

kY_MSQZO or kY—FLQ—MSO

, |1-c0 -r
17| = = kI’
k

|J|" has a smaller numerical value than |J|.
(¢) Yes.
(d) With My changing, we have

1-C" -T (OY™* /OM,0) 0
k 0 (0i* /OM.0) 1

Thus (0Y*/0Myo) = I'/ |J|" > 0 and (9i*/0M) = (1 —C")/|J| < 0.

Next, with Gy changing, we have

1-C -r
k 0

(0Y™/0G)
(9i* /0Go)

Thus (dY*/0Go) = 0 and (8i* /OMy) = —k/ |J|' > 0
(e) Fiscal policy becomes totally ineffective in the new model.

(f) Since |J|" is numerically smaller than |.J|, we find that I’/ |J|" > I'/|J|. Thus monetary

policy becomes more effective in the new model.
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CHAPTER 9
Exercise 9.2

1. (a) f'(z) = -4z + 8 = 0 iff x = 2; the stationary value f(2) = 15 is a relative maximum.
(b) f/(x) =102 +1=0iff z = —1/10; f(—1/10) = —1/20 is a relative minimum.

(¢) f'(x) =6x=0iff x =0; f(0) =3 is a relative minimum.

2.
(a) Setting f'(x) = 32% — 3 = 0 yields two critical values, 1 and —1. The latter is outside the
domain; the former leads to f(1) = 3, a relative minimum.
1
(b) The only critical value is * = 1; f(1) = 105 is a point of inflection.
(c) Setting f’(z) = —32% 4+ 92 — 6 = 0 yields two critical values, 1 and 2; f(1) = 3.5 is a
relative minimum but f(2) = 4 is a relative maximum.
3. When z = 1, we have y = 2 (a minimum); when = —1, we have y = —2 (a maximum).
These are in the nature of relative extrema, thus a minimum can exceed a maximum.
4. (a) M =¢'(2), A=o(x)/z
(b) When A reaches a relative extremum, we must have
dA 1
L Sl (@)~ o)) = 0

This occurs only when x¢’(x) = ¢(x), that is, only when ¢'(x) = ¢(z)/x, or only when
M= A.

(c) The marginal and average curves must intersect when the latter reaches a peak or a

trough.

M
(d) EZZzlwhenM:A.

Exercise 9.3

1. (a) f'(x) =2ax+b; f'(x)=2a; f"(x)=0

(b) f'(z) =282%—3; f"(x)=2842% f"(x)= 168z
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(©) Fe) =30 —2)% ['(2)=601—2)% f"(x)=18(1 )~
d) fl@)=21-2)"% f'(z)=41-2)"% f"(z)=12(1-2)""
2. (a) and (b)
3. (a) An example is a modified version of the curve in Fig. 9.5a, with the arc AB replaced by
a line segment AB.
(b) A straight line.
4. Since dy/dx = b/(c + x)* > 0, and d*y/dz® = —2b/(c + z)®> < 0, the curve must show
b
y increasing at a decreasing rate. The vertical intercept (where z = 0) is a — p when x
approaches infinity, y tends to the value a, which gives a horizontal asymptote. Thus the

b
range of the function is the interval [a — =, a). To use it as a consumption function, we should
c

stipulate that:
a > Z [so that consumption is positive at zero income |
b > ¢? [so that M PC = dy/dx is a positive fraction throughout ]
5. the function f(z) plots as a straight line, and g(x) plots as a curve with either a peak or a

bottom or an inflection point at = 3. In terms of stationary points, every point on f(z) is a

stationary point, but the only stationary point on g(z) we know of is at z = 3.

(a) The utility function should have f(0) — 0, f'(z) > 0, and f”(x) = 0 for all x. It plots as

an upward-sloping straight line emanating from the point of origin.

(b) In the present case, the MN line segment would coincide with the utility curve. Thus

points A and B lie on top of each other, and U(15) = EU.
Exercise 9.4

1. (a) f'(z) = —4z+8; f"(x) = —4. The critical value is * = 2; the stationary value f(2) = 33
is & maximum.
(b) f'(x) = 32% + 12x; f”(z) = 6x + 12. The critical values are 0 and —4. f(0) = 9

is a minimum, because f”(0) = 12 > 0, but f”(—4) = 41 is a maximum, because

F(—4) = —12 < 0.
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1
(c) f'(z) = 2® — 6z +5; f"’(x) = 2z — 6. The critical values are 1 and 5. f(1) = 55 is a
1
maximum because /(1) = —4, but f(5) = 755 is a minimum because f”(5) = 4.

(d) f'(z) =2/(1 —2x)? # 0 for any value of z; there exists no relative extremum.

2. Excluding the wall side, the other three sides must satisfy L + 2W = 64ft, or L = 64 — 2WV.
The area is therefore

A=WL=W(64—2W) = 64W — 2IW?

To maximize A, it is necessary that dA/dW = 64 — 4W = 0, which can occur only when

W =16. Thus
W*=16ft L*=64-2W*=32ft A" =WL=>512ft
Inasmuch as d>A/dW? = —4 is negative, A* is a maximum.
3. (a) Yes.

(b) From the demand function, we first get the AR function P = 100 — Q). Then we have
R = PQ = (100 — Q)Q = 100Q — Q.
1
(¢c)T=R—-C = —§Q3+6Q2—11Q—50

(d) Setting dr/dQ = —Q* + 12Q — 11 = 0 yields two critical values 1 and 11. Only Q* = 11

gives a maximum profit.

1
(e) Maximum profit = 111§

4. Tf b=0, then the MC-minimizing output level becomes Q* = —3—2 = 0. With its minimum at
zero output. The MC curve must be upward-sloping throughout. Since the increasing segment
of MC is associated with the convex segment of the C curve, b = 0 implies that the C curve
will be convex throughout.

5. (a) The first assumption means 7(0) < 0. Since 7(0) = k, we need the restriction k < 0.

(b) Strict concavity means 7" (Q) < 0. Since 7"/ (Q) = 2h, we should have h < 0.
(¢) The third assumption means 7/(Q*) = 0, or 2hQ* + j = 0. Since Q* = —j/2h, and since

h < 0, the positivity of Q* requires that j > 0.

6. (a) Q=f(L); R=PQ=Pf(L); C=WoL+F;n=R—C=Pf(L)~WoL—~F
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(b) dn/dL = Pyf'(L) — Wy =0, or Pyf'(L) = Wy. The value of marginal product must be

equated to the wage rate.
(c) d®>m/dL? = Pyf"(L). If f”(L) < 0 (diminishing MPPp,), then we can be sure that profit
is maximized by L*.
d
7. (a) S= @AR = —23 4+ 2.2Q — 0.054Q?

2
(b) % =2.2-0.108Q = 0 at Q* = 20.37 (approximately); since % = —0.108 < 0, Q*

will maximize S.
Smax = S|log=g+ = —23 4+ 2.2(20.37) — 0.054(20.37)2 = —0.59(approximately).

(c) Since Spax is negative, all S values must be negative.

Exercise 9.5

L (a) 120 (b) 40320 (c) 4(33'!):4 (d)(()‘)(iwzﬁﬁ:%
(o) BFDOTDR_ ()t 1)

2. (a)
dlr) = (1—x)7t so that $(0) = 1
Plx) = (1—-a)7? P = 1
¢'(x) = 2(01-a)7? ¢"(0) = 2
&) = 61— §"0) = 6
oW(@) = 24(1—a)" o@(0) = 24

(b)

¢(z) = (1—2)/(1+z) sothat »(0) = 1
¢'(z) = —2(1+a2)7? ¢'(0) = -2
¢"(z) = 4(1+a2)7? ¢"(0) = 4
" (x) = —12(1+x)~* #"(0) = -12
oW(z) = 48(1+x)"° oW () = 48

Thus, by (9.14), the first five terms are 1 — 2z + 222 — 223 + 224
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3. (a) ¢(=2) = 1/3, ¢/(=2) = 1/9, ¢"(=2) = 2/27, ¢""(=2) = 6/81, and ¢*)(—2) = 24/243.
Thus, by (9.14),

1 1 1
2 2)3 + —(x+2
F @+ 2+ @427+ go(@+2)" + Ry

—— (211 + 131z + 512% 4 112 + 2*) + Ry

(x+2)+

Nef i

o(r) = 3+

Wl
[t

243

(b) ¢(=2) = =3, ¢'(=2) = —2, ¢"(-2) = —4, ¢"(—2) = —12, and ¢*(—2) = —48. Thus,
by (9.14),
p(r) = —3-2@+2)—2(x+2)?-2(x+2)°-2(x+2)*+ Ry

= —63— 98z — 6222 — 182 — 22* + Ry

4. When = = x, all the terms on the right of (9.14) except the first one will drop out (including
R,), leaving the result ¢(x) = ¢(xp).

Exercise 9.6

1. (a) f'(x) = 322 = 0 only when z = 0, thus f(0) = 0 is the only stationary value. The first
nonzero derivative value is f"”/(0) = 6; so f(0) is an inflection point.

(b) f'(z) = —42® = 0 only when x = 0. The stationary value f(0) = 0 is a relative maximum

because the first nonzero derivative value is f(4(0) = —24.
(¢) f'(z) = 62° = 0 only when x = 0. The stationary value f(0) = 5 is a relative minimum
since the first nonzero derivative value is f(6)(0) = 720.
2. (a) f'(z) = 3(x —1)?> = 0 only when x = 1. The first nonzero derivative value is /(1) = 6.
Thus the stationary value f(1) = 16 is associated with an inflection point.

(b) f'(z) = 4(z —2)®> = 0 only when # = 2. Since the first nonzero derivative value is

f@®(2) = 24, the stationary value f(2) = 0 is a relative minimum.

(c) f'(z) = —6(3 —x)> = 0 only when = 3. Since the first nonzero derivative value is

f©)(3) = 720, the stationary value f(3) = 7 is a relative minimum.

(d) f'z) = —8(5 — 2z)® = 0 only when z = 2.5,. Since the first nonzero derivative value is

f®(2.5) = 384, the stationary value f(2.5) = 8 is a relative minimum.
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CHAPTER 10
Exercise 10.1

1. (a) Yes.

(b) Yes, because at t = 0, the value of y for the two functions are identical: 3° = 1, and

32(0) — 1.

(a) Yes.

(b) No, because at t = 0, the value of y for the two functions are unequal: 4° = 1, but

3(4°%) =3.

2. (a) Let w = 5t (so that dw/dt = 5), then y = e" and dy/dw = e* . Thus,by the chain rule,
y

dy _ dydw _ g,w _ g.5t
at = dwdat = 0e’ =5e”.

_ _ _ ) dy _ dy dw __ 3
(b) Let w = 3t , then y = 4e* and dy/dw = 4e* . Thus,we have S¢ = ZL &L — 19¢%

(c)Similarly to (b) above, dy/dt = —12e~2t.

3. The first two derivatives are y/(t) = ¢’ (t) = et = (2.718)". The value of ¢ can be either
positive, zero, or negative. If ¢ > 0, then e is clearly positive; if ¢ = 0, then e = 1, again
positive; finally, if ¢ < 0, say ¢ = —2, then ef = 1/ (2.718)?, still positive. Thus y/(¢) and 3" (t)

are always positive, and the function y = e’ always increases at an increasing rate.

4. (a) The curve with a = —1 is the mirror image of the curve with a = 1 with reference to the

horizontal axis.

(b) The curve with ¢ = —1 is the mirror image of the curve with ¢ = 1 with reference to the

vertical axis.

Exercise 10.2

2 3 4 5 6 7 8 9
Lo(a)e? =1+24+3(2)°+2 (2 +55 (2) "+ 135 (2)°+ 25 (2) + =515 () + 75555 (2)° + 3630 (2) +

1 10
3628800 (2)

=1+2+241.33340.667 4+ 0.267 + 0.089 + 0.025 + 0.006 + 0.001 4 0.000 = 7.388

(b) €2 =1+34+3(3)*+4(3)%+ 55 (3) + 135 (3)° = 140.540.125+0.021+0.003+0.000 = 1.649
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2. (a) The derivatives are: ¢' = 2e2¥, ¢ = 22e%* ¢’ "= 23e2%_ or in general (b(k) = 2%e2® Thus
we have ¢'(0) = 2, ¢ (0) = 22, or more generally ¢*)(0) = 2¥. Accordingly,
Pp=1+2z+ 52227 + 2%23 + - - + 5272 = 1+ 20 + 5;(20) + 5 (22)3 + - - - + 5 (20)"

(n+1) n (n+1)2p 2P n
(b) Rn = ¢(n+1)(!p)x = 2(n—i—l)! r = (7l+1)!(2$) +

It can be verified that R,, — 0 as n — oo.
(c) Hence ¢(x) can be expressed as an infinite series:
P(x) =142z + 5(22)% + 3 (22)% + - - -
3. (a) $70e9-040) = §70e%12  (b) $690e0-0°(2) = $6900-1°

4. (a) 0.07 (or 7%) (b) 0.03 (c) 0.40 (d) 1 (or 100% )

5. When ¢ = 0, the two functions have the same value ( the same y intercept ). Also, y; = Ae”
when t =1, but ys = Ae” when ¢ = —1. Generally, y; = y2 whenever the value of ¢ in one

function is the negative of the ¢ value in the other; hence the mirror- image relationship.

Exercise 10.3

3. (a) logy(100)™3 = 13log,, 100 = 13(2) = 26
(b) logy(155) = logyg 1 —logyy 100 =0 — 2 = —2
(c)Ind =In3-InB
(d)In Ae?> =InA=Ine?=InA +2
(e)nABe *=lnA+mInB+he*=mnA+InB—-4

(f) (log, €)(log, 64) = log, 64 = 3

4. (a) and (c) are valid; (b) and (d) are not.

Inu

5. By definition, e™(®/v) = +. But we can also write ¢ = <55 = emu=Inv) Bauating the two

expressions for =, we obtain In & = Inu — Inwv.
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Exercise 10.4

1. If » = 0, then y = Ae™ = Ae® = A, and the function degenerates into a constant function.

The nonzero requirement serves to preclude this contingency.

2. The graphs are of the same general shape as in Fig. 10.3; the y intercepts will be A (i.e.,
y = A) for both.

3. Since y = ab®®, we have log, y = log;, a + ctlog, b = log, a + ct.
Thus, by solving for ¢, we get

t = log;, y—log, a (C 7& 0)

c

This is the desired inverse function because it expresses ¢ in terms of y.

4. (a) a=1, b=28,and ¢ = 3; thus r = 3In8, and y = eBIn8)t  We can also write this as
y = 02385
b)a=2, b="7and c=2; thusr = 2In7, and y = 2™ We can also write this as

y = 238918

(c)a=25 b=25 and ¢=1; thus r = In5, and y = 5e("5* We can also write this as
y = 5el-6095t
(d)a=2, b=15,and ¢=4; thusr =4In15, and y = 2¢(4In15)t We can also write this as

y = 2¢10-8324t

5. (a)a=1, b=17, c=1;thus t = = Iny(= 1555 Iny = 0.5139Iny)

(b) a=1, b=38, ¢=3;thus t = 5 In3y(= 5555 In 3y = 0.48091n 3y)

c)a=3, b=15, ¢=9; thust = =2 In9y(= == In9y = 1.10781n 9y
27081

In15
(d) a=2, b=10, c=1; thus t = Z5 Iny(= 5555 Iny = 0.8686Iny)

6. The conversion involved is Ae™ = A(1+ %)Ct7 where c represents the number of compoundings
per year. Similarly to formula (10.18), we can obtain a general conversion formula r =
cln(1+4%).

(a) c=1, and ¢ = 0.05; thus r = In 1.05.
(b) c=2, and ¢ =0.05; thus r = 21n 1.025.

(¢) e=2, and 7= 0.06; thus r = 21n 1.03.
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(d) c=4, and ¢ =0.06; thus r = 41n 1.015.

7. (a)The 45° line drawn through the origin serves as a mirror.
(b)Yes. the horizontal axis is a mirror

(c) Yes the horizontal axis is a mirror

Exercise 10.5

1. (a) 2¢%tH4 (b) —9el=T7t (c) 2tet”+1 (d) —10te>** (e) (2ax +
b)eam2+bm+c

(f) & =ade? + 679 = ze® + % = (x + 1)e®

(g) & = 22(2%") + 22e? = 2z (x + 1)e?

(h) % = a(abe ¢ + ebr+e) = q(bx + 1)ebete
2. (a) %lnat = %(hlaJrlnt) =0+ dlpt =1

(b) £1nt¢ = Lelnt = c4Int = ¢

3. (a) B =B =2 (b) @ = 2L = ¢
(c) cclu t+199 (d) fli = 5?tf;)1 = t1+01
() % =1- 15 = w9
(f) % di[lnx +8In(l —z)] = % + %836 = 11(17_9:;)
(8) % = Lln2e —In(l+2) = £ - o5 = ;555
(h) % = 52122 +202° Ina? = 102%(1 + 2In2?) = 102%(1 + 41nz)
4. (a) & =5'In5 (b) % = s (c) % =2(13)+3In13
(d) & =807 = 717 (o) = (812f§)1n2

() % =22Llogy x4 logg v-L2? = 22— + (logg 2) (22) = 5 + 2z logs @

5. (a) Let u = f(t), so that du/dt = f'(t). Then

Apft) = db2 — dbdu — (puinp) f/(t) = f' ()b Inbd

(b) Let w = f(t). Then

%bgbf(t) = %IOgbu = d%logbu% = ullnbf'(t) = J}T(tt))ﬁ
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6. For V = Ae™, the first two derivatives are V' =rde™ >0 and V" =r24e™ >0

Thus V is strictly increasing at an increasing rate, yielding a strictly convex curve. For A =

Ve~ the first two derivatives are
A =—rVe ™ <0 and A" =1r2Ve "t >0

Thus A is strictly decreasing at an increasing rate (with the negative slope taking smaller

numerical values as t increases ), also yielding a strictly convex curve.

7. (a) Since Iny =In3z — In(x + 2) — In(z + 4), we have

dy 1 _ 1 1 _ __ 8-a’ and dy _ 8—a? 3z _ 3(8—x?
dv = =z z+2 z+4 T x(x+2)(z+4) z — x(x+2)(z+4) (xz+2)(xz+4) — (z+2)2(z+4)?

(b) Since Iny = In(2? + 3) + 22 + 1, we have

2z (x> 4+4)
243

and % — M(mQ + 3)612+1 _ 2:6(:62 + 4)ew2+1

ldy _ _
ydxr — s T2 = 243

Exercise 10.6

1. Since A = Ke2‘/z_”, we have In A = In K + 21/t — rt. Differentiation with respect to t yields

1 dA — dA _
Adt_t1/2 or = At 12 _p)

Setting < dA =0, we then find: t* = 1/r2.

In the second derivative, ‘5754 = ALtV —p) 4+ (72 —r)d

the second term vanishes when % 0. Thus Cfﬁﬁ = —A/2\/t_3 < 0, which satisfies the

second-order condition for a maximum.

2 _ n .
2. %:A%(?—zfr)+(;n—\/2{fr)%*z4i(lr‘22t V2 _py40= 4‘L\‘/1t—32<0[81nceA<0and
In2 > 0]

Thus the second-order condition is satisfied.

3. (a) Since A = Ve~ = f(t) =", we have In A = In f(t) — rt, and L94 = LB _ . —

Adt = Fo
or % =A(r, — 1)

Inasmuch as A is nonzero, dA/ dt = 0 if and only if r, = r.

df'(t) _ pd
(b) =Ag T = ALy <0 iff rv <0
" ) dt* d, _,
4. The value of t* depends only on the parameter r. Since e EIT = 2r3 < 0 a higher

interest rate means a smaller ¢*(an earlier optimal time of sale).
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Exercise 10.7

1. (a) Iny =Inb5+ 2Int; thus ry, = %lny =2
(b) Iny =1Ina+ clnt; thus r, = ¢/t.
(c) Iny =1Ina+ tlnb; thus ry, = Inb.
(d) Let u = 2 and v = t>. Then 7, = In2, and r, = 2/t. Thus r, = r, + 7, = In2 + 2/t.
Alternatively, we can write Iny = tIn2 + 21n¢; thus
Ty:%my:an:%

(e) Let w =t and v = 3" . Then r, = —d(lit“) = —d(g;t) =+, and r, = —d(lﬁv) = _d(12t3t) =

d(tlnc)

-+ = In3. Consequently, r, =r, +r, = % —1In3.

Alternatively, we can write Iny = Int — ¢In 3; thus r, = % Iny = % —1In3
2. InH =1In Hy + btIn2; thus rg = bIn2. Similarly, InC' = InCy + atlne; thus rc = alne = a.
It follows that r(c gy =rc — 7y =a—bln2.
3. Taking log, we get Iny = klnz. Differentiating with respect to t, we then obtain r, = kr,.

4. y =+ implies Iny = Inu — Inv; it follows that r, = %lny = %lnu— %lnv =Ty — Ty

5. By definition, y = Y/P. Taking the natural log, we have Iny = InY — In P. Differentiation of
Iny with respect to time t yields % Iny = % InY — % In P. which means r, = ry — rp were

rp is the rate of inflation.

6. z = u — v implies Inz = In(u — v); thus r, = %lnz = %ln(u —v) = Lin(y —v) =

uiy% In[f'(t) — ¢'(t)] = uiv (ur, — vry)

7. InQq =Ink —nln P. Thus, by (10.28), ¢4 = —n, and |eg| = n.

8. (a) Since Iny = Inw + In z, we have ¢,, = 382 zg = ‘fl((ll?li})) + 382;; = €y + €2

(b) Since Iny = Inu — Inv, we have €,, = ggﬁzg = %E;; - 2823 = €uz T €uz

9. Let u = log, y, and v = logy, « (implying that = b¥). Then % = ‘;—Z%% = %(logb e)%bv Inb

i =L i v — du _ zdy _
Since logy, e = 17, and since b” = x, we have % = ydr = €ya

10. Since My = f[Y(t),i(t)], we can write the total derivative % = fy%% + fi%
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Thus the rate of growth of My is ry, = —Ld%d[ddt = ‘%% + %% = %%% + %f—i =

DY (L00) 4 L (L) = ey + eanar

Alternatively, using logarithms, we may write rp;, = % In My = %Q%Md, but this then leads

us back to the preceding process.

11. By the same procedure used in 9 above, we can find that rg = egrTrk +€qrrL
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CHAPTER 11
Exercise 11.2

1. The derivatives are: f, =2z +y, fy =+ 4y, fou =2, fyy =4, and fy, = 1. The first-order
condition requires that 2x +y = 0 and x 4+ 4y = 0. Thus we have

*

¥ =y"=0 implying =3 (which is a minimum)

2. The derivatives are: f, = =20+ 6, f; = =2y + 2, foo = =2, fyy = =2, and fyy = 0. The
first-order condition requires that —2z = 6 and —2y = —2. Thus we find
=3 y*=1 so that z* =10 (which is a maximum)

3. fo=2ax, fy=2by, foa =2a, fyy =20, and fy, = 0. The first-order condition requires that
2ax = 0 and 2by = 0. Thus

*

¥=y*=0 so that Zf=c

The second derivatives give us fzg fyy = 4ab, and f;fy = 0. Thus:

(a) z* is a minimum if a, b > 0.
(b) z* is a maximum if a, b < 0.
(c) z* gives a saddle point if a and b have opposite signs.
4. fo=2(e* 1), fy =4y, fox =4€*, fy, =4, and f,, = 0. The first-order condition
requires that e?* = 1 and 4y = 0. Thus
r=y"=0 so that z¥ =4

Since frxfyy = 4(4) exceeds f7, =0, z* = 4 is a minimum.

(a) And pair (x,y) other than (2,3) yields a positive z value.
(b) Yes. At z* =2 and y* = 3, we find
fo=4@—-2" and f,=4(@y-3"=0
(c) No. At 2* =2 and y* =3, we have fop = fyy = foy = fya = 0.

(d) By (11.6), d?2 = 0. Thus (11.9) is satisfied.

63



Chiang/Wainwright: Fundamental Methods of Mathematical Economics Instructor’s Manual

Exercise 11.3

2. For (b): ¢ = —2u? + 4uv — 4v2. For (c): ¢ = 52% + 6xy. Both are the same as before.

3.
4 2
(a) 14> 0,4(3) > 2% — positive definite
2 3
-2 2
(b) 1 —2 <0, —2(—4) > 22 — negative definite
2 -4
5 3 .
(c) : 5> 0, 5(0) < 3% — neither
30
4.
3 =2 U
(a) ¢=[u v]
-2 7 v
1 3.5 U
(b) ¢=Tlu v]
35 3 v
-1 4 U
(€) ¢=Tlu v]
4 =31 v
-2 3 T
(d) ¢=[z y]
3 =5 Y
3 —1 2 uy
() g=lur w2 usl| -1 5 -1 Ug
2 -1 4 us
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5.
(a) 3>0,3(7) > (—2)? — positive definite
(b) 1> 0, 1(3) < (3.5)? — neither
(c) =1 <0, —1(=31) > 4?2 — negative definite
(d) =2 <0, —2(-5) > 32 — negative definite
3 -1 2
3 1 " .
(e) 3>0, =14>0,| -1 5 —-1|=37>0 — positive definite
-1 5
2 -1 4
— 2
(f) -1 <0, =0 - neither (no need to check |Ds])
2 -4
6.
(a) The characteristic equation is
4—r 2
=2 —-7r+8=0
2 3—1r
Its roots are rq, ro = % (7 + \/17). Both roots being positive, u’' Du is positive definite.
(b) The characteristic equation is r% + 6r + 4 = 0, with roots 71, ro = —3 £ V5. Both roots
being negative, v/ Eu is negative definite.
(c) The characteristic equation is r? — 5r — 9 = 0, with roots
T, Tg = % (5 + \/61). Since 71 is positive, but ry is negative, v’ F'u is indefinite.
4—r 2
7. The characteristic equation = 72 — 5r = 0 has the roots 11 = 5 and ry = 0.
2 1—r
. . . -1 2 x1
(Note: This is an example where |D| = 0). Using 7 in (11.13’), we have
2 —4 T9
0. Thus z1 = 2z5. Upon normalization, we obtain the first characteristic vector
2
V1 = \{g
v
x
Next, using 75 in (11.13’), we have Y= 0. Therefore, z; = —%xg. Upon
2 1 X2

normalization, we obtain
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\/5
These results happen to be identical with those in Example 5.

8. The characteristic equation can be written as
72 — (d11 + do2) 7 + (di1dag — di2dar) =0
Thus 1, 75 = 3 [(dn +da2) + \/(dll + doo)? — 4 (di1daz — dradan)

(a) The expression under the square-root sign can be written as
E = d}, + 2d11dao + d3y — 4dy1dag + 4dyadoy
= d2, — 2dy1dy + d3y + 4d1aday = (dyy — dag)® + 4d3y > 0
Thus no imaginary number can occur in r; and 7s.
(b) To have repeated roots, E has to be zero, which can occur if and only if di; = daa (say,
=c) and at the same time d15 = do; = 0. This would mean that matrix D takes the form
c 0
0 c

(c) Positive or negative semidefiniteness allows a characteristic root to be zero (r=0), which

of

implies the possibility that the characteristic equation reduces to di1dss — di2de; = 0, or

|D| = 0.
Exercise 11.4

1. The first-order condition
fi=2x1 —322=0
fo=—-3x1 + 6z +423=0
fs=4xo+ 1223 =0
is a homogeneous linear-equation system in which the three equations are independent. Thus
the only solution is
i =a5=25=0 so that z*=0
2 -3 0
The Hessian is | —3 6 4 |, with |Hy| =2 > 0, |[Hs| = 3 > 0, and |Hs| = 4 > 0.

0 4 12
Consequently, z* = 0 is a minimum.
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2. The first-order condition consists of the three equations

f1:—2331=0 f2=—233220 f3:—2$320

Thus i=x5=25=0 so that z* =129
-2 0 0

The Hessian is | 0 —2 0 |, with |[Hy| = -2 < 0, |[Hz] =4 > 0, and |H3| = —8 < 0.
0o 0 -2

Consequently, z* = 29 is a maximum.

3. The three equations in the first-order conditions are
201+ 23 =0
200 +x3 =1
T, + To+ 6x3 =0
Thus ] :2—10 a:;:% T3 = —355 so that 2 =—1
2 01
Since the Hessianis | 0 2 1 |, with |Hy| =2 > 0, |Hz| =4 > 0, and |Hs| = 20 > 0, the z*
1 16

value is a minimum.

4. By the first-order condition, we have
fo=2e—2=0, f,=—eV+1=0, f,=2we" —2" =0
Thus ¥ =0 yr =0 w=1 so that Z¥=2-—e
Note:The values of z* and y* are found from the fact that ¢® = 1. Finding w* is more

complicated. One way of doing it is as follows: First, rewrite the equation f,, =0 as

Taking natural logs yield

or
w2 w
Inw+1Ine” =lne
1 2 __
or lnw-+w” =w

or lnw=w-—w?
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If we draw a curve for Inw, and another for w — w?, their intersection point will give us the
solution. The Inw curve is a strictly concave curve with horizontal intercept at w = 1. The
w — w? is a hill-type parabola with horizontal intercepts w = 0 and w = 1. Thus the solution
is w* = 1.

4 0 O

The Hessianis | 0 1 0 | when evaluated at the stationary point, with all leading principal

0 0 4e

minors positive. Thus z* is a minimum.

5.

(a) Problems 2 and 4 yield diagonal Hessian matrices. The diagonal elements are all negative
for problem 2, and all positive for problems 4 and 5.

(b) According to (11.16), these diagonal elements represent the characteristic roots. Thus
the characteristic roots are all negative (d?z negative definite) for problem 2, and all
positive (d?z positive definite) for problem 4.

(¢) Yes.

6.

(a) The characteristic equation is, by (11.14):
2—r 0 1
0 2—r 1 =0
1 1 6—r
Expanding the determinant by the method of Fig. 5.1, we get

2-rN2-rnGE-r)—2-7r)—(2-7r)=0
or (2-r)[(2-r)(6—7)—2]=0 [factoring]
or (2—r)(r*—8r+10)=0
Thus, from the (2 — r) term, we have r; = 2. By the quadratic formula, we get from the
other term: 79, r5 = 4 + /6.

(b) All three roots are positive. Thus d?z is positive definite, and z* is a minimum.

(c) Yes.
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Exercise 11.5

(a)

Let w and v be any two distinct points in the domain. Then
fw=u> f)=0v2  flOu+(1—0)v]=[0u+(1—0)0]
Substituting these into (11.20), we find the difference between the left- and right-side
expressions in (11.20) to be
0u? + (1 — 0) v — 0%u2 — 20 (1 — 0) uv — (1 — ) v?
=1—-0)u?—-20(1—-0)uv+6(1—0)v?
=(1-0)(u—v)*>0 [since u # v ]

2 is a strictly convex function.

Thus z =z
Let u = (ug,u9) and v = (v1,v2) be any two distinct points in the domain. Then
flu)=ui+2u3  f(v)=0vf+203
Flou+ (1 =0)v] = [fuy + (1 — 0)v1]” + 2[Oua + (1 — 0) va)”
The difference between the left- and right-side expressions in (11.20) is
0(1—0) (ui —2u1v1 + vf + 2u3 — dugvy +203) = 0 (1 —0) |(uy — v1)? 42 (ug — 1}2)2i| >
0

Thus z = 22 + 223 is a strictly convex function.

Let u = (u1,usz) and v = (v1,v2) be any two distinct points in the domain. Then

fu) = 2u?—ujug +uy fv =20 —vivy + 02
flou+(1—=0)v] = 2[0ur+ (1—0)vi] — [fus + (1 —6)v1] - [fuz + (1 — 0) vo]

+ [Bug + (1 — 0) vy]?

The difference between the left- and right-side expressions in (11.20) is

0(1-196) [(21@ — 4uqvy + 21}%) — U U9 + ULVy + VU — V1V + (u% — 2uqvy + v%)]
—0(1-0) [2 (ur — v1)% — (ug —v1) (uz — v2) + (uz — vg)ﬂ >0

because the bracketed expression is positive, like 6 (1 — 0). [The bracketed expression, a
positive-definite quadratic form in the two variables (u; — v1) and (ug — v2), is positive
since (u; —v1) and (ug — v3) are not both zero in our problem.] Thus z = 222 — vy + 3>

is a strictly convex function.
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2.
(a)
(b)
(c)
3. No.
4.
(a)
(b)
(c)
5.

(a)
(b)

With f’ (u) = —2u, the difference between the left- and right-side expressions in (11.24)
is

2

v+ ut+2u(v—u)=—-v24+2uv —ut=—(v—u)” <0

Thus z = —z? is strictly concave.
Since fy (u1,us) = fa (u1,us) = 2 (ug + uz), the difference between the left- and right-side
expressions in (11.247) is

(01 4 v2)? = (w1 + u2)” = 2 (ur +ua) [(v1 — w1) + (v2 — us)]

= (v1 + v2)2 —2(vy +v2) (ug +uz) + (ug + us)?

= [(v1 +v2) = (w1 +uz)]* 2 0
A zero value cannot be ruled out because the two points may be, e.g., (u1,us) = (5,3)
and (v1,v2) = (2,6). Thus z = (21 + 22)> is convex, but not strictly so.

Since fi (u1,u2) = —ug, and fo (u1,us) = —uq, the difference between the left- and

right-side expressions in (11.24’) is

—v1vgturustus (v — ug)tug (v — ug) = —v1Ve VUt UV —u U = (V1 — uy) (V2 — ug)

0

Thus z = —xy is neither convex nor concave.

That theorem gives a sufficient condition which is not satisfied.

The circle with its interior, i.e. a disk.

Yes.
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(a) The set of points on an exponential curve; not a convex set.
(b) The set of points lying on or above an exponential curve; a convex set.
(¢) The set of points lying on or below an inverse U-shaped curve; a convex set.

(d) The set of points lying on or above a rectangular hyperbola in the positive quadrant; a

convex set.

(a) This is a convex combination, with § = 0.5.
(b) This is again a convex combination, with 6 = 0.2.

(c) This is not a convex combination.

(a) This set is the entire 2-space.

(b) This set is a cone bounded on one side by a ray passing through point u, and on the other

side by a ray passing through point v.

(c¢) This set is the line segment uwv.

(a) 8= ={(z1,...,mn) | f(21,00sz) <k} (f convex)
Sz ={(z1, ..., ) | g (T1, ey T0) > K} (g concave)

(b) S< is a solid circle (or disk); SZ is a solid square.

Exercise 11.6

(a) No, because the marginal cost of one commodity will be independent of the output of the

other.
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(b) The first-order condition is
T =Py —4Q: =0 Ty = Py —4Q2 =0
Thus Q] = %Plo and Q5 = %PQO. The profit is maximized, because the Hessian is
—4

0 -4
depend on where they are evaluated. Thus the maximum in this problem is a unique

, with |Hy| < 0 and |Hz| > 0. The signs of the principal minors do not

absolute maximum.

(¢) 712 = 0 implies that the profit-maximizing output level of one commodity is independent
of the output of the other (see first-order condition). The firm can operate as if it has

two plants, each optimizing the output of a different product.

2.
(a) By the procedure used in Example 2 (taking 1 and Q2 as choice variables), we can find
Qr=3% Q3=47 Pr=06{ P5=242
— 2
(b) The Hessian is , with |Hy| = —4 and |H3| = 28. Thus the sufficient condition
9  _
for a maximum is met.
(c¢) Substituting the P*’s and @Q*’s into the R and C functions, we get
* __ 43 * __ 85 = 4
8. Jea| = |43 50| = 452 = 2. Similarly, |car| = 1% = 4, and |eas| = $42 = §. The highest

is |eq1]; the lowest is |caz].

(a) C'=15+2Q =15+ 2Q1 +2Q2 + 2Q3

(b) Equating each MR to the MC, we obtain the three equations:

10Q1 +2Q2 +2Q3 = 48, 2Q1 +12Q2 +2Q3 = 90 and 201 +2Q2 +14Q3 = 60

Thus  Qf =28, Q;=63 Q=23

(c) Substituting the above into the demand equations, we get

§ 36 . 36 .
Pl =510, Py=T2g,  Pi=5T

36
97
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(d) Since RY = —8, Ry = —10, RY = —12, and C"” = 2, we do find that:
(1) RY —C" = —10  (2) RYRY — (RY + RY)C" = 80 + 36 = 116 > 0, and (3) |H| =
—960 — (80 + 96 + 120) (2) = —1552 < 0.

4.
(a) ™= PyQ(a,b) (1 + %io)i2 — Pyoa — Pyob
(b) ™= PyQ(a,b) (1+ iio)_3 — Pyoa — Pyob
5. Q(a,b) = 260

Exercise 11.7

(a) We may take (11.49) as the point of departure. Letting P,o alone vary (i.e., letting
dPy = dPyy = dr = dt = 0), and dividing through by dP,y # 0, we get the matrix

equation
_ _ da*

PyQaae rt PyQave rt (a;ao) . 1

PoQave™™"  PoQupe " (aaﬁ:o) 0
Hence, by Cramer’s Rule,

(85) =22 <0 and  (f5) = -2 <o

The higher the price of input a, the smaller will be the equilibrium levels of inputs a and
b.

(b) Next, letting Pyo alone vary in (11.49), and dividing through by dPyy # 0, we can obtain

results similar to (a) above:

da* _ 7P0Qabeirt ob* _ PUQaaeirt
(f85) = "= <0 and () = By <0

(a) Py, 0, Pao, Pro-
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(b) From the first-order condition, we can check the Jacobian

1 1 L o
g = | B B || PQu(ti)™ AQu(1+i)”
2 2 o o
Baia 8(51; POQab (1 + ZO) ! P()be (1 + 7,0) 1
Qaa Qab

P2 (1+i)"?

Qav Quw

the be positive at the initial equilibrium (optimum) since the second-order sufficient
condition is assumed to be satisfied. By the implicit-function theorem, we can then
write

a* = a* (Po, 0, Paos Peo) and b* = b* (Po, 0, Pao, Peo)
we can also write the identities

PoQa (a*,b%) (1 +i0) ' = Pao =0

PyQ (a*,b*) (1 +1ig) ™" — Pyo =0
Taking the total differentials, we get (after rearrangement) the following pair of equations
corresponding to (11.49):

PoQua (1 +10) " da*+PoQap (1 +i0) ' db* = —Qq (1 +i0) ' dPy+PoQq (1 + ig) > dig+
dPao

PoQuap (1 +1i0) " da*+PoQup (1 +ig) "' db* = —Qp (1 +10) " dPy+PoQy (1 +10) > dig+
d Py
Letting Py alone vary (i.e., letting dig = dP,o0 = dPy = 0), and dividing through by
dPy # 0, we get

da*
PoQua (1L4i0) " PoQur(1L+i0) ™ | | gy | _ | ~Qu(l4i0)”
- - b - N
PoQay (1 +1i0) ™" PoQup (1 +10) " ETN —Qy (1+1ip) "
0
Thus (g_g) _ (Qanb—Qa%T)PMHio)‘? >0
ab* — (QaQa _Q Qaa P 144, -2
(8_130) _ b—Qb |J|) 0 (1+1i0) >0
(c) Letting ig alone vary, we can similarly obtain
oa*
PyQuaa (141i0) ™" PoQuas (1+1i0) ™" dig _ | PoQa(1+ o)~
PoQab (1 +1i0) " PoQup (1 +1ig) ™" gb PoQy (1 +1g) >
20

8a* | _ (QaQub—QvQap) P§ (1+i0)~*
Thus, () = (QeQu-@Qulilil— < g

(a_b*) _ (Qana—Qa?ar)Po(Hio)*
J

dig <0
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3. Differentiating (11.49) totally with respect to Py, we get
Qo™ + PoQaa (3%)) e "+ PoQap (%) e"t=0
Que™"" + PoQab (%) e+ PyQup (%) e =0

Or, in matrix notation,
PoQaae™™"  PoQape™ " (0a* /OF) —Qae™"
PoQave™™"  PoQupe™ " (0b* /0F) —Qpe™ "

which leads directly to the results in (11.50).

4. In (11.46), the elements of the Jacobian determinant are first-order partial derivatives of the
components of the first-order condition shown in (11.45). Thus, those elements are really the
second-order partial derivatives of the (primitive) objective function — exactly what are used

to construct the Hessian determinant.
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CHAPTER 12

Exercise 12.2

1.
(a) Z=axy+ M2 —x —2y). The necessary condition is:
Zy=2—-2x—-2y=0 Zey=y—A=0 Zy=x—-2XA=0
Thus \* = %, 2* =1, y* = 1 - yielding 2* = 3.
(b) Z =2y +4x+ A8 —2x —y). The necessary condition is:
Zy=8—x—y=0 Zey=y+4—-X2=0 Zy=x—A=0
Thus \* = 6, 2* = 6, y* = 2 — yielding z* = 36.
(¢) Z=2—3y—2y+ A6 —x—y). The necessary condition is:
Zy=6—x—y=0 Zy=1—y—A=0 Zy=-3—-x—-A=0
Thus \* = —4, 2* =1, y* =5 — yielding z* = —19.
(d) Z=7—-y+ 22+ X~z —y). The necessary condition is:
In=-a-y=0 Zy=2r-A=0 Z,=-1-XA=0
Thus A" = —1, 2* = -1, y* = 1 — yielding 2* = 63.
2.
(a) Increase; at the rate % =\=1
(b) Increase; dj; = 6.
(c) Decrease; ddZ: =—4
(d) Decrease; d;; =-1
3.

(a) Z=x+2y+3w+zy —yw+ A(10 — z — y — 2w). Hence:
Zy=10—-z—y—2w=0 Zy=14+y—A=0
Zy=2+z—-—w—-A=0 Zy=3—y—2A=0
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(b) Z=a?+2zy+yw? + X (24 =22 —y —w?) + v (8 — & —w). Thus
Zy=24-2z—y—w?>=0 Zy=8—x—w=0
Zy=2x+2y—2\—v=0 Zy=2zx+w?—A=0
Zw =2yw — 2w —v =0
4. 7 = f(z,y) + A[0 — G(z,y)] = f(x,y) — AG(x,y). The first-order condition becomes:
Zy=—-G(z,y) =0 Zy=fo—AGy =0 Zy=fy—AGy =0
5. Since the constraint g = ¢ is to prevail at all times in this constrained optimization problem,
the equation takes on the sense of an identity, and it follows that dg must be zero. Then it
follows that d?¢g must be zero, too. In contrast, the equation dz = 0 is in the nature of a

first-order condition — dz is not identically zero, but is being set equal to zero to locate the

critical values of the choice variables. Thus d?z does not have to be zero as a matter of course.

6. No, the sign of A\* will be changed. The new \* is the negative of the old \*.

Exercise 12.3

1.
01 2
(a) Since [H|=|1 0 1 |=4, 2" =31 is a maximum.
2 1 0
0 1 1

(b) Since |[H|=|1 0 1 |=2,2* =36 is a maximum.

1 1 0
0 1 1
(¢) Since |[H|=|1 0 -1 |=-2,2"=-19is a minimum.
1 -1 0
0 1 1
(d) Since [H|=| 1 2 0 |=-2, 2 =62 is a minimum.
1 0 0
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0

2. |H| =

g1

n

11

-g2 <0

Instructor’s Manual

3. The zero can be made the last (instead of the first) element in the principal diagonal, with g,

g2 and g3 (in that order appearing in the last column and in the last row.

0 0 g 9 9 au
0 0 g 9 9§ ugi
n |E[} _ 9% gi Zn Ziz2 Ziz Zua
92 95 Zan Zoz Zaz L
93 93 Zs1 Zsy Zsz Zsa
91 97 Zu Zax Zaz Zua
A sufficient condition for maximum z is |ET3| < 0 and ‘}_Ll} = ’H| > 0.

A sufficient condition for minimum z is |F13| > (0 and \H| > 0.

Exercise 12.4

1. Examples of acceptable curves are:

(a)

{b)

(e)

(e}

(f)

z

z

z

AN

R
2
I~
.
N\
o~
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(a)

(b)

Quasiconcave, but not strictly so. This is because f(v) = f(u) = a, and thus f [fu + (1 — 0)v] =
a, which is equal to (not greater than) f(u).

Quasiconcave, and strictly so. In the present case, f (v) > f(u) means that a+bv > a+bu,

or v > u. Moreover, to have u and v distinct, we must actually have v > u. Since

flOu+(1—=0] = a+blfu+(1-0)]
= a+b[0u+ (1—0)v]+ (bu — bu)
= a+bu+b(1—-0)(v—u)

= f(u)b(1—10)(w—u)=f(u)+ some positive term
it follows that f[0u+ (1 —6)v] > f(u). Hence f(x) = a + bz, (b > 0), strictly quasi-

concave

Quasiconcave, and strictly so. Here, f(v) > f (u) means a + cv? > a + cu?, or v? < u?
(since ¢ < 0). For nonnegative distinct values of v and v, this in turn means v < u. Now

we have

flou+ (1 =00 = a+clfu+(1—0)v)

a+cu2+c{[9u+(1—0)v]2—u2}

+ (cu2 — cu2)

Using the identity y? — 22 = (y + x) (y — =), we can rewrite the above expression as
a+cu+clfu+(1—0)v+ul[fu+ (1—0)v—ul
=flu)+c[1+0)u+(1-0)v][(1-10)(v—u)
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= f (u) + some positive term > f (u)

Hence f (x) = a + cz?, (¢ < 0), is strictly quasiconcave.

3. Both f(z) and g (x) are monotonic, and thus quasiconcave. However, f (z) + g (x) displays
both a hill and a valley. If we pick k = 5%, for instance, neither SZ nor S< will be a convex

set. Therefore f (z) 4+ g (x) is not quasiconcave.

(a) This cubic function has a graph similar to Fig. 2.8c, with a hill in the second quadrant
and valley in the fourth. If we pick k = 0, neither S nor S< is a convex set. The
function is neither quasiconcave nor quasiconvex.

(b) This function is linear, and hence both quasiconcave and quasiconvex.

(c) Setting x9 — Ina; = k, and solving for x5, we get the isovalue equation o = Inzy + k.
In the xyx2 plane, this plots for each value of k as a log curve shifted upward vertically
by the amount of k. The set S = {(x1,72)| f(x1,22) <k} — the set of points on or
below the isovalue curve — is a convex set. Thus the function is quasiconvex. (but not

quasiconcave).

(a) A cubic curve contains two bends, and would thus violate both parts of (12.21).

(b) From the discussion of the cubic total-cost function in Sec. 9.4, we know that if a, ¢, d > 0,
b < 0, and b*> < 3ac, then the cubic function will be upward-sloping for nonnegative x.

Then, by (12.21), it is both quasiconcave and quasiconvex.

5. Let u and v be two values of x, and let f (v) = v? > f (u) = u?, which implies v > u. Since

f' () = 2z, we find that
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[ (w) (v —u) =2u(v—u)>0
fflw)(v—u)=2v@w—-—u)>0

Thus, by (12.22), the function is both quasiconcave and quasiconvex., confirming the conclusion

in Example 1.

6. The set S<, involving the inequality xy < k, consists of the points lying on or below a
rectangular hyperbola — not a convex set. Hence the function is quasiconvex by (12.21).
Alternatively, since f, =y, fy = @, frz =0, fzy = 1, and f,,, = 0, we have |B;| = —y? <0

and |Bs| = 2zy > 0, which violates the necessary condition (12.25) for quasiconvexity.

(a) Since f, = —2x, fy = =2y, fox = =2, foy =0, fyy = —2, we have
|B| = —42% <0 |Bo| =8 (22 + y?) > 0
By (12.26), the function is quasiconcave.

(b) Since f, = =2(x+1), fy = =2y +2), fow = =2, foy =0, fyy = —2, we have
|Bi|=—-4(z+1)°<0  |By]=8(z+1)°+8(y+2)°>0

By (12.26), the function is quasiconcave.

Exercise 12.5

(a) Z=(x+2)(y+1)+ (130 — 4z — 6y)

(b) The first-order condition requires that
Zy=130—4r —6y =0, Zy=y+1—-4x=0, Z,=2+2—6)1=0
Thus we have \* = 3, 2* = 16, and y* = 11.

0 4 6
(c) |H|=]4 0 1 |=48>0. Hence utility is maximized.
6 1 0

(d) No.
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2.
(a) Z=(x+2)(y+ 1)+ A(B-aP—yhy)
(b) As the necessary condition for extremum, we have
Zy=B—2P, —yPy,=0 or —Pyx — Pyy=—-B
Zy=y+1-AP, =0 —PA+y=-1
Zy=x2+2—-AP, =0 —PA+ax=-2
By Cramer’s Rule, we can find that
A — BJBQPiJ;DJ;Py = 3722Fé+Py . _ B+22Fl;jpy
0 P, P
(c) |ﬁ’ =P, 0 1 |=2PP,>0. Utility is maximized.
P, 1 0
(d) When P, =4, P, =6, and B = 130, we get A\* =3, 2* = 16 and y* = 11. These check
with the preceding problem.
3. Yes. (%—g):%&>0, (g—f,:):—ﬁ,? <0, (%):%PI>O, (%):ﬁ>0,
(35) - 4 0. (3) - 585 <o

An increase in income B raises the level of optimal purchases of x and y both; an increase in
the price of one commodity reduces the optimal purchase of that commodity itself, but raises

the optimal purchase of the other commodity.

4. We have Uy = Uyy =0, Upy = Uyp- =1, |J| = |H| = 2P, P,.

o* = (B#Pjrp) and \* = BH2PatPy) oy

2P, P,
@) (37) = o ond (35) = o
() () = G and (G )

These answers check with the precedlng problem.

5. A negative sign for that derivative can mean either that the income effect (71) and the sub-
stitution effect (T3) in (12.33’) are both negative (normal good), or that the income effect is
positive (inferior good) but is overshadowed by the negative substitution effect. The statement

is not valid.
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6. The optimal utility level can be expressed as U* = U*(z*,y*). Thus dU* = U, dz* + U, dy*,
where U, and U, are evaluated at the optimum. When U™ is constant, we have dU* = 0, or
Updz* + Uydy* = 0. From (12.42"), we have %j = % at the optimum. Thus we can also
express dU* = 0 by P, dx* + P, dy* =0, or -F, dla:* — Py dy* = 0.

(a) No; diminishing marginal utility means only that U, and U,, are negative, but says
nothing about U,,. Therefore we cannot be sure that |H’ > 0in (12.32) and & da:2 >01in
(12.33).

(b) No; if iLz > 0, and hence ’ﬁ} > 0, nothing definite be said about the sign of U,, and

Uyy, because Uy, also appears in }H ‘

Exercise 12.6

1. (a) v/(Jz) (jy) = j = \/Ty; homogeneous of degree one.
3 1
(b [( ) - (jy)ﬂ ’ =J (332 — y2) 2: homogeneous of degree one.

(c) Not homogeneous.

)
)
(d) 2jz + jy +3+/(z) Gy) = j (22 + y + 3,/7y); homogeneous of degree one.
e) (“) ]y) +2 () (jw)=j (—L + wa) homogeneous of degree two.

)

(
(

2 Let = §,then £ = £ (§. ) =/ () = (§). Thus Q= Kv (£).

£) (4 ) - 5(jy) (jw) = j* (2" — 5yw?); homogeneous of degree four.

a) When M PPk =0, we have L29 = Q, or 29 = £ or MPP, = APPy.
oL oL — L>

(b) When M PPy, =0, we have K% =Q, or % % or MPPy = APPxk.

3. Yes, they are true:

4.

(a) APPp, = hence APPy, indeed can be plotted against k.

¢ (k);
(b) MPPy = ¢' (k) = slope of APPy.
)

¢(k) _ APP; __ ordinate of a point on the APPp curve __ .
(c) APPx = 5+ = 5+ = aDsciosn of that point =slope of radius vector to the

APPy, curve
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(d) MPP, = ¢ (k) — k' (k) = APP;, — k- MPPg

5.

b. APP; = Ak®, thus the slope of APP;, = Aak® ' = MPPk.

c. Slope of a radius vector = A—,’f = Ak*~! = APPk.

d. APPp — k- MPPyx = Ak® — kAak®™t = Ak® — Aak® = A(1 —a) k* = MPPy.
6.

(a) Since the function is homogeneous of degree (a + ), if a4 > 1, the value of the function
will increase more than j-fold when K and L are increased j-fold, implying increasing
returns to scale.

(b) If & + 8 < 1, the value of the function will increase less than j-fold when K and L are
increased j-fold, implying decreasing returns to scale.

(¢) Taking the natural log of both sides of the function, we have In@Q =In A+ aln K+ 8In L

J(In J(In
Thus eQK:ﬁ%:a and eQLzé(ﬁ)Z:ﬁ
7.

(a) A(JK)* (L)’ (jN)© = jotbte . AK*LPN© = jotb+eQ; homogeneous of degree a + b+ c.

(b) a+b+ ¢ =1 implies constant returns to scale; a + b+ ¢ > 1 implies increasing returns to
scale.

2Q a c—
(c) Share for N = N (5N) = Nﬁl;aLLbf]]VVc R
8.

(a) Q=9 (K jL)

(b) Let j = 1. Then the equation in (a) yields:
£ =g(%.1)=¢(X)=¢(k). This implies that @ = L?¢ (k).

well as k.
(d) If K and L are both increased j-fold in the M PPk expression in (c), we get
GL) ¢ (%) = iLe' (§) =iLe' (k) = j- MPPg

Thus M PPk is homogeneous of degree one in K and L.
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Exercise 12.7

(a) Linear homogeneity implies that the output levels of the isoquants are in the ratio of

1:2:3 (from southwest to northeast).

(b) With second-degree homogeneity, the output levels are in the ratio of 1 : 22 : 32, or
1:4:9.

2. Since (i) =

a*

(g) (%), it will plot as a straight line passing through the origin, with a
(positive) slope equal to g This result does not depend on the assumption o + 3 = 1. The
elasticity of substitution is merely the elasticity of this line, which can be read (by the method

of Fig. 8.2) to be unity at all points.
3. Yes, because Q11 and Qi x have both been found to be negative.

4. On the basis of (12.66), we have

2 _ 1+ _
=4[ E ] =0+ (K £ (%)

5 dL
5.
(a) % = %}—Lk = % (%)p. A larger p implies a larger capital share in relation to
the labor share.
(b) No; no.
6.

(a) If p = —1, (12.66) yields & = — “gé) = constant. The isoquants would be downward-

sloping straight lines.
(b) By (12.68), o is not defined for p = —1. But as p — —1, 0 — 0.

(c¢) Linear isoquants and infinite elasticity of substitution both imply that the two inputs are

perfect substitutes.
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7. If both K and L are changed j-fold, output will change from @ to:
AR+ (=) GL)*] T = ALK+ (1= L) = () P Q=5"Q
Hence r denotes the degree of homogeneity. With » > 1 (r < 1), we have increasing (decreas-

ing) returns to scale.

8. By L’Hopital’s Rule, we have:

2
zZ—x—12 _ 1 20—1 __
e =limg g = =7

(a) limg 4

(b) lim, o <=L =lim, o & =1

. T __x . x oz
(c) lim, o2 — = lim, o 51”% =ln5-1

>—l|i~3 =

(d) limg—oo BZ =lim, oo = =0

(a) By successive applications of the rule, we find that
n nz" ! n(n—1)az" 2

. . . . !
limg o0 &5 = lim; o = lim,; . = =..=lim; o5 =0

o

(b) By taking m (z) = Inz, and n (z) = 1, we have
1

lim, o+ B = lim, o+ == lim,_,g+ —x =0

(c) Since z* = exp (Inz*) = exp (zlnz), and since, from (b) above, the expression zlnx

tends to zero as x — 01, 2% must tend to e =1 as z — 07.

86



Chiang/Wainwright: Fundamental Methods of Mathematical Economics

CHAPTER 13

Exercise 13.1

1. For the minimization problem, the necessary conditions become
f'(z1)=0 and x>0
fl(x1)=0 and 27 =0
f'(x1) >0 and 1z =0

These can be condensed into the single statement

ff(z1)>0 23>0 and x1f'(z1)=0

Instructor’s Manual

(a) Since \; and 0Z/9\; are both nonnegative, each of the m component terms in the sum-

mation expression must be nonnegative, and there is no possibility for any term to be

cancelled out by another, the way (—3) cancels out (+3). Consequently, the summation

expression can be zero if and only if every component term is zero. This is why the

one-equation condition is equivalent to the m separate conditions taken together as a set.

0Z
(b) We can do the same for the conditions Tig = 0. This is because, for each j,
J

must be nonpositive, so that no “cancellation” is possible.

07
i c’)mj

07
3. The condition zj— = 0 (j = 1,2,---,m) can be condensed, and so can the conditions

Zj
07 )
)\ia—)\i—O(l—l,z,"' ,m).

4. The expanded version of (13.19) is:

0z S S
a—m‘j*fj ;Azgj>0 z; >0 and xj(fjf;)\igj):()
0z

87



Chiang/Wainwright: Fundamental Methods of Mathematical Economics Instructor’s Manual

5.
Maximize —C = —f(z1, - ,2n)
Subject to  —g* (21, ,x,) < —11
7gm(xlv e ,l'n) S —Tm
and 1, T 20

with the Lagrangian function in the form of

m

Z=—f(x1,- ,2n) + ZN‘[—M + g (21, 7))
i1

the Kuhn-Tucker conditions (13.16) yield

0z - , 0z

_ij =—fi+ ;:1 Aig; <0 ;>0  and oz _ij =0

0z : 07

o, ri + g’ (21, ,Tn) >0, XN>0 and /\la&' 0

(i:1,2,~~~,m; j:1a2a"'7n)

These are identical with the results in the preceding problem.
Exercise 13.2

1. Since z} and z} are both nonzero, we may disregard (13.22), but (13.23) requires that:
621(10 — 22 — 29)%dxy + 3(10 — 23 — 29)%des <0 and  —dx; <0

The first inequality is automatically satisfied at the solution, and the second means that
dxy > 0, with dzo free. Thus we may admit as a test vector, say (dzi,dz2) = (1,0), which
plots as an arrow pointing eastward from the solution point in Fig. 13.3. No qualifying arc

can be found for this vector.

2. The constraint border is a circle with a radius of 1, and with its center at (0,0). The optimal
solution is at (1,0). By (13.22), the test vectors must satisfy dxs > 0. By (13.23), we must
have 2zidz; + 225dxrs = 2dx; < 0. Thus the test vectors can only point towards due north,
northwest, or due west. There does exist a qualifying arc for each such vector. (E.g., the

constraint border itself can serve as a qualifying arc for the due-north test vector, as illustrated
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in the accompanying diagram.)

The Lagrangian function and the Kuhn-Tucker conditions are:
Z=x1+ M0 —2? —23)
0Z/0x1 =1 —2\x1 <0 plus the nonnegativity and
0Z[0x9 =1—2\129 <0 complementary slackness conditions
0Z/ON =1 —22 — 23>0
Since z} = 1, 0Z/0x, should vanish; thus A\] = 1/2. This value of A}, together with the z}

and x3 values, satisfy all the Kuhn-Tucker conditions.

3. The feasible region consists of the points in the first quadrant lying on or below the curve
x5 = 2. The optimal solution is at the point of origin, a cusp.
Since ] = x5 = 0, the test vectors must satisfy dx; > 0 and dze > 0, by (13.20). Moreover,
(13.23) shows that we must have 2zidz; — dry = —dze > 0, or dzy < 0. The double
requirement of drs > 0 and dxo < 0 means that dre = 0. Thus the test vectors must be
horizontal, and pointing eastward (except for the null vector which does not point anywhere).

Qualifying arcs clearly do exist for each such vector.
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The Lagrangian function and the Kuhn-Tucker conditions are
Z =z 4+ M(—23 + 22)
0Z/0xy =1 — 2\ x; >0 DPlus the nonnegativity and
0Z[0xa =X >0 complementary slackness conditions
0Z[ON = —2% + 22 <0
At (0,0), the first and the third marginal conditions are duly satisfied. As long as we choose

any value of A] > 0, all the Kuhn-Tucker conditions are satisfied despite the cusp.

4. (a) Z=mx1+ Mz2+ (1 —21)3]
Complementary slackness require that 0Z/0z, vanish, but we actually find that, at the
optimal solution (1,0), 8Z/0x1 =1 — 3\ (1 —21)? = 1.
(b) Zo = Xoz1 + Mifze + (1 — 21)?]

The Kuhn-Tucker conditions are
0Z0/0x1 = X0 — 3\ (1 —11)2 >0
0Zy/0x2 =1 >0
0Zy/OM =2+ (1 —21)3 <0

By choosing Aj = 0 and A] > 0, we can satisfy all of these conditions at the optimal

plus the nonnegativity and

complementary slackness conditions

solution.
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Exercise 13.4

(a) Maximize —C =—F(x)
subject to —Gi(z)<r; (i=1,2,---,m)
and x>0
(b) f(z) = —F(z), and g'(z) = —G" ().
(c) F(z) should be convex, and G(x) should be concave, in the nonnegative orthant.
(d) Given the minimization program: Minimize C' = F(z), subject to G*(z) > r;, and z > 0, if
(a) F is differentiable and convex in the nonnegative orthant. (b) each G* is differentiable
and concave in the nonnegative orthant, and (c) the point z* satisfies the Kuhn-Tucker

minimum conditions (13.17), then z* gives a global minimum of C.

2. No. A unique saddle value should satisfy the strict inequality Z(z, \*) < Z(z*, \*) < Z(z*,\)
because uniqueness precludes the possibility of Z(z, \*) = Z(z*, \*) and Z(x*, \*) = Z(a*, \).

(a) Applicable: f(x) is linear and, hence, concave; and g'(x)is convex because it is a sum of
convex functions.
(b) Applicable: f(z) is convex; and g'(z) is linear and, hence, concave.

(c) Inapplicable: f(x) is linear and may thus be considered as convex, but g!(z) is convex

too, which violates condition (b) for the minimization problem.
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CHAPTER 14

Exercise 14.2

a

(b)

[16273dx = 162, +c= -8z 2 4+¢  (z#0)

[ 928%dz = 2° + ¢

) [abde =3 [ade = 25 — 327 + ¢

(d)

(e)

(f)

If f(z) = —2z, then f’(x) = —2. Using Rule IIa, we have
— [(=2)e %dx = — [ f'(2)ef@dx = —ef@) + c= -2 1 ¢

If f(z) = 2% + 1, then f'(x) = 2x. Using Rule Illa, we have
2 [ Fde = 2 [ f(w dr = 2In(f(x)) +c=2n(z*+1)+c

Let u = az? + bx. Then d—z = 2ax + b. Thus
[ %yTde = [uTdu = $ub + c = L(aa® + bx)® +

13 [ e*dx = 13e" + ¢
3[e"dr+4 [ 1dw =3e” +4lnx +c (x> 0)
5[e*de+3 [z %dr =5e" -3z ' +¢c  (x#0)

Let u = —(22 + 7). Then 2* = —2. Thus

Instructor’s Manual

e~ (2e+T) gy = /3 (—%%) etdr = —3 fe“du = —%e“ +c= —%e_(2’3+7) +c

Let u = z2 + 3. Thenﬂ:2x and
[ Aze® +3dx—f2 Letdy =2 [evdu = 2e" 4 ¢ = 2e” +3 4 ¢
Let u =22 +09. Then@:2x and

fxex +9dm—f1d“ eldr = 1fe“du—2e —|—c— e 4
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3.
a) [HE =3[9 =38Infz|+c  (z#0)
b) Let w =2 —2. Then % =1, and [ = [Ldugy — [Lgy = In|u| + ¢ = In|z — 2| +
dx r—2 u dx u
¢ (x #2)
(c) (c) Let u = z*+ 3. Then 9% = 2z, and
dulgy — d“ =lnu+tc=In(z®>+3)+c
fda:u
d) Let v = 322 + 5. Then % = 6z, and
( dx
[ (o) lgp =1 (4 = dipu+c=Lin(322+5)+c
4.

a) Letv=2+3,andu= 2(x+1 %,sothat dv = dz and du = (z + 1)2dx. Then, by Rule
3
VII, we have
24+3)(z+1)2de = 2(z+1)2 (2 +3)— [ 2(x+1)ide = 2(z+1)3 (#+3 fi z4+1)3 +¢
3 3 3 15
(b) Let v = Inx and u = 122, so that dv = L1dz and du = zdx.
Then Rule VII gives us

[alnzdr = LaPine — [ 3a?lde = $a”lne — J22 + c= 12?(2nz — 1) +c¢ (x> 0)

5. [lkifi(z) + ... + knfulde = [Kifide + ...+ [kpfode = ki [ filz)de + ... + ky, [ fo(2)dz =
dicy ki [ fi(x)d

Exercise 14.3
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23 2 2 2 . 2 - E

0 3 (5+1)] = [Gr07- (307 g s o
2.

() ~de 2] =L (e t—e?) =1 (2

(b) Injz+2]°=lne—Inl=1-0=1

(c) [3e2 + ety = (35 +¢%) — (3el +¢?) = €2 (Ye! — 42 +e - 1)

(d) [infz] + in1 4 2))® = [In|a(1 + )|
3.

(a) Axx=Y" f(xis1) Aw;
(b) A < A; underestimate.
(c) A% x would approach A.
(d) Yes.

(e) f(x) is Riemann integrable.

4. The curve refers to the graph of the integrand f(x). If we plot the graph of F(z), the definite

integral — which has the value F'(b) — F'(a) — will show up there as a vertical distance.
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Exercise 14.4

1. None is improper.

2. (a) and (d) each has an infinite limit of integration: (c) and (e) have infinite integrands, at x

= 0 and x = 2, respectively.

3.
(a) fooo et = limp_ oo fob et = limp_ oo [—%e_”]g =limp oo —2 (67" — %) = —1(0—
1)=1
1 2 . 1 2 . 11!
c. fo 7 3dr = lim, o+ fa x73dx = lim,_,o+ [Bz%} =3

d [0 ertdt =lim, o [Le]) =L(1-0)=1

T

5dac_2d3c+f‘5dac

2 z—2

€ J1 22~ J1 z2—2

= limy_,»- [In|z — 2|]l{ +lim, o+ [In(x — 2)]2 =hL+1
I =limy_5-[In|b—2| —In1] = —oo; and I = lim,_o+[In3 — In(a — 2)] = o0
This integral is divergent. (I; and I» cannot cancel each other out.)
4. Iy = lim,_ o+ fal 27 3dz = limg_ o+ [—%x’Q]i = lim,_,o+ (f% + ﬁ) =+o0

5.

(a)
b

(b) Area = [; ce™tdt =limp_ 4o [—ce™"]g = (finite)
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Exercise 14.5

1.

(a) R(Q) = [(28Q —€"39) dQ = 14Q* — Le03Q + ¢, The initial condition is R(0) =0.
Setting @ = 0 in R(Q), we find R(0) = =& +c. Thus ¢ = . And R(Q) =
14Q? — 1_3060.3Q + %

(b) R(@Q) = [10(1+Q)%dQ. Let u=1+Q. Then §& =1, or du = dQ, and R(Q) =
10 fu2du =10 (—u™') +c=-10(1+ Q) ' +¢. Since R(0) =0, we have 0 = —10 + ¢,
or ¢ =10. Thus

-10 = —104+10+10Q 100
RQ)=——+10= =
(@) 1+Q + 1+Q 1+Q
2.

(a) M(Y)= [0.1dY =0.1Y +¢. From the initial condition, we have 20 = 0.1(0) + ¢, giving
us ¢ =20. Thus M(Y)=0.1Y + 20.

(b) CY)= [ (0.8 + O.IY_%) dY =0.8Y 4+ 0.2Y% + ¢. From the side information, we have
100 = 0.8(100) + 0.2(100)2 4 ¢, or ¢ = 18. Thus C(Y) = 0.8Y 4 0.2Y'2 + 18.

3.
(a) K(t) = let%dt = 9t3 +c. Since K(0) = 25, we have 25 = 9(0) + ¢, so that ¢ = 25.
Thus K (t) = 9t3 + 25.
a7t 473 _ 1

(b) K(1) — K(0) = 9ta}0 =9, K(3) -~ K(1)=9 {tsL =9 {3 (33) - 1}
4,

(a) II = 4§22 [1 — e700%)] = 20,000 [1 — 0] = 20,000(0.0952) = 1904.00 (approxzimately)

(b) =428 [1 — e~ %04B)] = 25,000 [1 — e~*12] = 25,000(0.1131) = 2827.50 (approximately)
5.

(a) I = $552 = $29,000

(b) II = $2469 — §30, 750
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Exercise 14.6

1. Capital alone is considered. More specifically, the production function is k = pK. The
constancy of the capacity-capital ratio p means that the output level is a specific multiple of
the amount of capital used. Since the production process obviously requires the labor factor
as well, the equation above implies that labor and capital are combined in a fixed proportion,
for only then can we consider capital alone to the exclusion of labor. This also seems to carry

the implication of a perfectly elastic supply of labor.

2. The second equation in (13.16) states that the rate of growth of I is constant ps. Thus the
investment function should be I(t) = Ae”s!, where A can be definitized to I(0).

3. If I <0, then |I| = —I. Thus the equation |I| = Aef*! becomes —I = AeP*t. Setting t = 0,
we find that —1(0) = Ae® = A. Thus we now have —I = —I(0)e”*!, which is identical with
(13.18).

. ot 1dr g, rI(t) o I(t)
4. Left side = [j 14 dt = J10) $dI = InI]3 )

I I(t) = 1(0) = In 7

Right side= fot ps dt = pst]l, = pst

Equating the two sides, we have In % = pst. Taking the antilog (letting each side become

the exponent of e), we have

exp [ln %} = exp(pst)
or % = Pt

or I(t) =1(0)ers
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CHAPTER 15

Exercise 15.1

1.
(a) With @ = 4 and b = 12, we have y, = Ae ™, Yp = 17 = 3. The general solution is
y(t) = Ae=* + 3. Setting t = 0, we get y(0) = A+ 3, thus A=Y(0)-3=2-3=—1.
The definite solution is y(t) = —e~4 + 3.
(b) ye = Ae= "Dt y, = & = 0. The general solution is y(t) = Ae*. Setting t = 0, we
have y(0) = A; i.e., A=9. Thus the definite solution is y(t) = 9¢*.
(c) ye=Ae 0% y, = 15 = 3. Thus y(t) = Ae 1% + 3. Setting t = 0, we get y(0) = A+ 3,
le, A=y(0)—2=0-3=-3.
The definite solution is y(t) = 2 (1 — e~ 1%).
(d) Upon dividing through by 2, we get the equation (fl—gt’ +2y = 3. Hence y. = Ae %,
yp = 3, and y(t) = Ae 2" + 3. Setting t = 0, we get y(0) = A+ 2, implying that
A =y(0)— 2 =0. The definite solution is y(t) = 2.
3.
(a) y(t) =(0—4d)e™' +4=4(1-€7")
(b) y(t) =1+ 23t
(c) y(t) = (6 —0)e’ + 0 = 6e™
(d) yt) =(4—2)e 3+ 2 =33e 3"+ 2
(e) y(t)=[7—(=D]e™ +(-1) =8 —1

(f) After dividing by 3 throughout, we find the solution to be

WO = 0= P +§=F0-e)
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Exercise 15.2

1. The D curve should be steeper then the S curve. This means that | — 3| > [§], or =3 < 6,

which is precisely the criterion for dynamic stability.

2. From (14.9), we may write o + v = (8+6)P. Hence (14.10°) can be rewritten as 42 +
J(B+8)P =j(B+86) P or 2L+ kP =kP, or & +k(P—P)=0. By (14.3"), the time
path corresponding to this homogeneous differential equation is A(t) = A(0)e~**. If A(0) # 0,
then A(t) = P(t) — P will converge to zero if and only if k > 0. This conclusion is no different

from the one stated in the text.

3. The price adjustment equation (14.10) is what introduces a derivative (pattern of change) into

the model, thereby generating a differential equation.

4.
(a) By substitution, we have 42 = j (Q4 — Qs) = j (o +7) — j (B +8) P+ joZ. This can
be simplified to
j 8 j(a .
4L aEmp_den) (1 40)
The general solution is, by (14.5),
P(t) = Aexp {——jﬁ;‘j) t} + %—ig
(b) Since (fi_}tj = 0 iff Q4 = Qs, then the inter-temporal equilibrium price is the same as the
market-clearing equilibrium price (: %—i})
(¢) Condition for dynamic stability: 1 — jo >0, or o < Jl
5.

(a) Setting Q4 = Qs, and simplifying, we have
dP +6p_ a
R
The general solution is, by (14.5),
P(t) = Aexp (—2£2¢) + 225

(b) Since —% is negative, the exponential term tends to zero, as t tends to infinity. The

inter-temporal equilibrium is dynamically stable.
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(¢) Although there lacks a dynamic adjustment mechanism for price, the demand function

contains a % term. This gives rise to a differential equation and makes the model

dynamic.

Exercise 15.3

We shall omit all constants of integration in this Exercise.

1. Since u =5, w = 15, and [ udt = 5¢, solution formula (14.15) gives
y(t) = e P (A+ [15ePdt) = e 5" (A + 3e5) = Ae ™ +3
The same result can be obtained also by using formula (14.5).

2

2. Since v = 2t, w = 0, and [ udt = t?, solution formula (14.14) gives us y(t) = Ae™".

3. Since u = 2¢, w =t, and [udt = t?, formula (14.15) yields
y(t) = e (A + ftetzdt) =t (A + %etz) =Ae ¥ 4 2
Setting t = 0, we find y(0) = A+ 1; ie, A =y(0) — 4 = 1. Thus the definite solution is
42
yt) =e"" +3.
4. Since u =t*, w =5t and [udt = %, formula (14.15) gives us
y(t) = e 5 (A—|— f5t2€%dt) —e 5 (A+ Seg) — Ae5 +5
Setting t = 0, we find y(0) = A+ 5; thus A = y(0) —5 = 1. The definite solution is
y(t) = e 5 +5.
5. Dividing through by 2, we get %% + 6y = —e'. Now with u = 6, w = —¢’, and [udt = 6t,
formula (14.15) gives us
y(t) = e S (A+ [ —elebdt) = e (A — Le™) = Ae™0" — Let
Setting t = 0, we find y(0) = A —

y(t) =e % — e

; ie, A =y(0)+1+ = 1. The definite solution is

~=

6. Since u =1, w =t, and [wudt = ¢, the general solution is
y(t) =e ' (A+ [teldt)
=e'[A+e (t—1)] [by Example 17, Section 13.2]

=Aet+t-1

100



Chiang/Wainwright: Fundamental Methods of Mathematical Economics

Exercise 15.4

(a) With M = 2yt> and N = 3y*t?, we have 2L = 6yt? = I

=4,
Step i: F(y,t) = [2yt3dy + (t) = y*t3 + ¢(t)

Step ii: % = ByQt2 +'(t) = N = 3y°t?; thus ¢’ (t) =
Step iii: ¢ (¢t) = [0dt =k

Step iv: F(y,t) = y*t2 + k, so the general solution is

Y23 =c or y(t) = (t%)%

With M = 3y*t and N = y° + 2t, we have 85\1‘/4 =3y° = %_J;’,
Step i: F(y,t) = [3y*tdy +¥(t) = y*t +¥(t)
Step ii: & = y® + 4/ (t) = N = y® + 2¢; thus ¢/ (t) = 2¢

Step iii: () = [2tdt =t?> [constant omitted]
Step iv: F(y,t) = y3t + 12, so the general solution is

1
y3t+t2=c or y(t) = (—C_ttz) °

With M =t (1 +2y) and N = y(1 +y), we have 24 —1—|—2y——

Step i: F(y,t) = [#( 1+2y)dy+¢()—yt+y2t+1/}(t)
Step ii: %5 =y +y? +¢'(t) = N = y(1 +y); thus ¢'(t) =
Step iii: ¥(t) = [0dt =k

Step iv: F(y,t) = yt + y?t + k, so the general solution is

Instructor’s Manual

yt+y’t=c
The equation can be rewritten as 4y3t?>dy + (2y4t + 3t2) dt = 0, with M = 493t? and
N = 2y4t+3t2 so that &L = 8y®t = G
Step i: F(y,t) = [4y3t2dy +¢(t) = y*2 + (1)
Step ii: & = 2y4t + ' (t) = N = 2y*t + 3t%; thus ¢'(t) = 3t2

Step iii: (t) = [3t?dt = ¢3 [constant omitted]
Step iv: F(y,t) = y*t? + 13, so the general solution is

1
Vit +td=c or  y(t) = (C;f) !
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(a) Inexact; y is an integrating factor.

(b) Inexact; t is an integrating factor.

3. Step i: F(y,t) = [ Mdy+v¢(t)

Step ii: &&= 2 [ M dy + ¢'(t) = N; thus ¢/'(t)

[ N—%fMdy

Step iii: (t) = [ (N — & [Mdy)dt = [ Ndt— [ (& [ M dy) dt
Step iv: F(y,t) = [Mdy+ [Ndt— [ (& [ Mdy)dt

Setting F(y,t) = ¢, we obtain the desired result.

Exercise 15.5

1. (a) 1i. Separable; we can write the equation as %dy + %dt =0.

ii. Rewritten as % + %y = 0, the equation is linear.

(b)

i. Separable; multiplying by (y + t), we get ydy + 2t dt = 0.

ii. Rewritten as %% = —2ty~!, the equation is a Bernoulli equation with R =0, T = —2¢
and m = —1. Define z = y'=™ = y2. Then we can obtain from (14.24’) a linearized
equation
dz—2(-2)tdt=0 or % 44t=0

()

i. Separable; we can write the equation as ydy + ¢ dt = 0.

ii. Reducible; it is a Bernoulli equation with R =0, T'= —t, and m = —1.
(d)

i. Separable; we can write the equation as #dy —tdt=0

ii. Yes; it is a Bernoulli equation with R =0, T = 3t, m = 2.
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(a) Integrating %dy + %dt = 0 after cancelling the common factor 2, we get Iny +Int = ¢, or
In yt = c¢. The solution is
yt=e‘ =k or y(t) =%

Check: % = —kt~? = —% (consistent with the given equation).
1

T and integrating we get %y2+t2 = c¢. Thus the solution

(b) Cancelling the common factor

is

=

y(t) = (2c— 2t2)% = (k—2t?)
_1
Check: %’ti = % (k—2t?) 2 (—4t) = f% (which is equivalent to the given differential

equation).

3. Integrating ydy +tdt = 0, we get 2y? + 2t> = ¢, or y? + 12> = 2c = A. Thus the solution
1
is y(t) = (A — t2) 2. Treating it as a Bernoulli equation with R =0, T' = —t, m = —1, and
z = y'=™ = ¢? we can use formula (14.24°) to obtain the linearized equation dz + 2tdt = 0,
or % = —2t, which has the solution z = A —t2. Reverse substitution then yields the identical
answer
1
yr=A—1? or y(t) = (A—1t?)?
4. Integrating %y’Qdy — tdt = 0, we obtain f%yfl - %tQ =cory ! =-3c— %tQ =A- %tQ.

1

The solution is y(t) = =53
2

Treating it as a Bernoulli equation, on the other hand, we have R = 0, T' = 3t, and m = 2.

Thus we can write dz + 3tdt = 0, or % = —3t, which has the solution z = A — %tQ. Since
z=y'""™ =y~ !, we have y(t) = 1, which represents an identical solution.
5. The derivative of the solution is % = 2At + 2. The linearized equation itself implies on

the other hand that % = 272 — 2. But since z = At? + 2t, the latter result amounts to

2(At+2) —2=2At+ 2. Thus the two results are identical.

Exercise 15.6

1. (a) and (d): The phase line is upward-sloping, and the equilibrium is accordingly dynamically

unstable.

103



Chiang/Wainwright: Fundamental Methods of Mathematical Economics Instructor’s Manual

(b) and (c): The phase line is downward-sloping, and the equilibrium is dynamically stable.

2.

(a) The phase line is upward-sloping for nonnegative y; the equilibrium y* = 3 is dynamically
unstable.

(b) The phase line slopes upward from the point of origin, reaches a peak at the point (1, 15),
and then slopes downward thereafter. There are two equilibriums, y* = 0 and y* = %;
the former is dynamically unstable, but the latter is dynamically stable.

3.

(a) An equilibrium can occur only when %’ti =0, i.e., only when y = 3, or y = 5.

—2 when y=3
() £ (%) =2y -58=
’ +2 when y=5

Since this derivative measures the slope of the phase line, we can infer that the equilibrium

at y = 3 is dynamically stable, but the equilibrium at y = 5 is dynamically unstable.

Exercise 15.7

1. Upon dividing by k throughout, the equation becomes

ko solk) _
i

= % = %, the equation above means that:

@
b*|>\‘|p.|@

Since the first term on the right is equal to

growth rate of % = growth rate of K — growth rate of L
2. [ = 4K — %Ae/\t = BeM. Thus net investment, I, obviously also grows at the rate \.

3. The rate of growth of Q should be the sum of the rates of growth of T'(¢) and of f(K,L). The

former rate is given to be p; the latter rate is A. Hence we have rg = p+ A.

4. The assumption of linear homogeneity (constant returns to scale) is what enables us to focus

on the capital-labor ratio.
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(a) There is a single equilibrium § which lies between 1 and 3, and is dynamically stable.

(b)
There are two equilibriums: §; (negative) is dynamically stable, and 7o (positive) is

dynamically unstable
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CHAPTER 16

Exercise 16.1

1.

as 5 al -
(c) By (16.3), 4 =9/3=3  (d) By (163), yp = =4/ -1 =4
» 2
(e) By (16.37), y, = %= = 61

(a) By (163), y, = 2 =2 (b) By (163'),y, = & =7t

(a) With a; =3 and ay = —4, we find r1,72 = (=3 +5) = 1, —4. Thus y. = Aje’ + Age™ ¥

(b) With a1 = 6 and ag = 5, we find r1,79 = %(—6:&4) = —1,-5. Thus y. = Aje t + Are ™t

(¢c) With a; = —2 and as = 1, we get repeated roots r; = ro = 1. Thus, by (16.9) y. =
Asel + Agtet

(d) With a; = 8 and ay = 16, we find r; = ro = —4. Thus we have y. = Aze ™ + A te=*

(a) By (16.3), y, = —3. Adding this to the earlier-obtained y., we get the general solution
y(t) = Ajel+Aze " —3. Setting ¢ = 0 in this solution, and using the first initial condition,
we have y(0) = A; + Ay — 3 = 4. Differentiating y(t) and then setting ¢t = 0, we find via
the second initial condition that y'(0) = A; — 4A; = 2. Thus A; = 6 and A; = 1. The
definite solution is y(t) = 6e* + =4t — 3.

(b) yp = 2. The general solution is y(t) = Aje™" + Ase ™5t + 2. The initial condition give us
y(0) = A1 + As +2 =4, and ¢y (0) = —A; — 543 = 2. Thus A; = 3 and Ay = —1. The
definite solution is y(t) = 3¢~ — e~ + 2.

(c) yp, = 3. The general solution is y(t) = Ase! + Ayte’ + 3. Since y(0) = Az + 3 = 4, and
y'(0) = 14+ A4 = 2, we have A3 = 1, and A4 = 1. The definite solution is y(t) = e’ +te' +3.

(d) y, = 0. The general solution is y(t) = Asze™* + Ayte=*'. Since y(0) = A3 = 4, and
y'(0) = —4A3 + Ay = 2, we have A3 = 4, and Ay = 18. Thus, the definite solution is
y(t) = de=4 + 18te=4t.

(a) Unstable (b) Stable (c) Unstable (d) Stable
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(a) Setting ¢ = 0 in the solution, we get y(0) = 2 4+ 0 + 3 = 5. This satisfies the first initial
condition. The derivative of the solution is y/(t) = —6e =3¢ — 3te=3¢ + 73! implying that
y'(0) = =6 — 04+ 1 = —5. This checks with the second initial condition

(b) The second derivative is y”(t) = 183" 4 9te™3! — 3e™3! — 373! = 12e73 4 9te 3.
Substitution of the expressions for 3”, 13" and y into the left side of the differential equa-

tion yields the value of 27, since all exponential terms cancel out. Thus the solution is

validated.

5. For the case of r < 0, we first rewrite te" as t/e™"*, where both the numerator and the

denominator tend to infinity as ¢ tends to infinity. Thus, by L’Hopital’s rule,

. t . 1
lim — = lim
t—ooe~ Tt t—oo —re Tt

=0 (case of r <0)

For the case of 7 > 0, both component ¢ and the component e™ will tend to infinity. Thus

their product te will also tend to infinity.

For the case of r = 0, we have te™ = te = t. Thus te”* tends to infinity as ¢ tends to infinity

Exercise 16.2

(a) r1,re=1(B+v/27) =23 +33i
(b) (=24 V=6d) = —1 £ 4i
(¢) 1m0 =1(—14yT63) = -1 £ 37
(d) @10 =3(1+vV=T) =3+ 17

2. (a) Since 180 degree = 3.14159 radians,

1 radian = 5750 degrees = 57.3 degrees (or 57°18’)

(b) Similarly, 1 degree = 3134159 radians = 0.01745 radians.

(a) sin?@ +cos? 6 = (%)2 + (%)2 = ”2;{}2 = 1, because R is defined to be (v? + h2)1/2 . This

result is true regardless of the value of §; hence we use the identity sigh.

(b) When 6 = %, we have v = h, so R = V2v% = /2 (: h\/i) . Thus, sin§ = cos § =

v

=

— L
V2

>

v
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4.
(a) sin20 =sin (6 + 0) =sinfcosb + cosf@sinf = 2sinfcosd [Here,f; = 02 = 0]
(b) cos260 = cos (6 + 0) = cosf cosf —sinfsin§ = cos? § —sin? § = cos? § +sin? § — 2sin® § =
1—2sin*6
(c) sin (01 + 02)+sin (01 — 02) = (sin O cos O3 + cos by sin )+ (sin 01 cos @3 — cos by sin b)) =
2sin 64 cos 65
(@ L0 = 14 8058 = e - 1
e) sin (5 —0) =sinZ cosf — cos 5 sinf = cosf — 0 = cos b
2 2 2
(f) cos (% —6) =cosZ cos+sinZsinf =0+ sinf = sinf
o.
(a) 5 sin £ (0) = SFHOLL — cos £ (0) - f/(0) = f(6) - cos f (9)
s f(0) = LA — —sin f(0) - f/(0) = —f'(0) - sin f (6)
b) 4 cos#® = —36%sin 6°
(b) 3
< sin (0% + 360) = (20 + 3) cos (67 + 30)
d%cos e? = —e? sine?
d—%sin% :—e—gcos%
6.
(a) e =cosm —isinTt=—1—-0=—1
(b) e=/3 = cos T +isin T =1 43 =1 (14 /3))
(c) e7i™/* =cos T +isin T = %H% = %(1“‘) =22 (1+41)
(d) e 3™/4 = cos 3T — jsin 3T = —% —igs = —%(1—1—2’) =—Y2(1+41)
7.

(a) With R =2 and 0 = Z, we find h = 2cos Z = v/3 and v = 2sinZ = 1. The Cartesian

form is v/3 + i

(b) With R =4 and 6 = %, we find h = 4cos § = 2 and v = 4sin § = 2y/3. The Cartesian

form is 2 + 2v/3i.
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(¢) Taking the complex number as V2et? we have R = /2 and 6 = —4-Soh = V2 cos = =

V2cos T [by (16.14)] = 1, and v = v/2sin =% = /2 (—sin T) = —1. The Cartesian form is

s

h+wvi =1 —i. Alternatively, taking the number as v/2e~%, we could have 6 = 7 instead,
with the result that h = v = 1. The Cartesian form is then h — vi = 1 — i, the same

answer.

8.
(a) With = 2 and v = 34257 we find R = 3. Since 6 must satisfy cos§ = % = 1 and
sinf = 4 = 3§ Table 16.2 gives us 6 = %. Thus, % + %z =3 (cos% + isin%) = 3ei7/3,

(b) With 2 = 4v/3 and v = 4, we find R = 8. In order that cosf = % = 3§ andsinf = & = 1,
we must have 0 = %. Hence, 4 (\/5—&- z) =38 (cos% + isin%) = 8¢i"/6.

Exercise 16.3

1. a1 = —4,a2 = 8,b = 0. Thus y, = 0. Since h = 2, and v = 2, we have y. = e*(A;cos2t +
Agsin2t). The general solution is the same as y., since y, = 0. From this solution, we can
find that y(0) = Ascos0+ Agsin0 = Aj, and y'(0) = 2 (A5 + Ag). Since the initial conditions
are y(0) = 3 and y'(0) = 7, we get A5 = 3 and Ag = 1. The definite solution is therefore

1
y (t) = e*(3cos 2t + 3 sin 2t)

2. a1 =4,a2 =8,b=2. Thus y, = %. Since h = —2, and v = 2, we have y. = e~ 2!(A5 cos 2t +
Agsin2t). The general solution is y(t) = y. + yp. From this solution, we can find y(0) =
As+1/4, and y'(0) = —2A5 + 2A¢, which, along with the initial conditions, imply that A5 = 2
and Ag = 4. Thus the definite solution is

= =

y(t) = e %" (2cos 2t + 4sin 2t) +

3. a1 = 3,a2 = 4,0 = 12. Thus y, = 3. Since h = and v = 4, we have y. =

_3

27
e 3/2(As cos 41& + Ag sin Agt) The general solution is y(t) = y. + y,. From this solution, we
can find y(0) = A5 + 3, and ¢/(0) = —%A5 + 4146, which, along with the initial conditions,

imply that As = —1 and Ag = . Thus the definite solution is
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Vi, VTV
2

y(t) = e 3/2(—cos + —sin Tt) +3

4. a1 = —2,a3 = 10,b = 5. Thus y, = % Since h = 1, and v = 3, we have y. = e'(As cos 3t +
Agsin 3t). The general solution is y(t) = y.+y,. From this solution, we can find y(0) = A5+ 3,
and y'(0) = A5 +3Ag, which, in view of the initial conditions, imply that A5 = 5% and Ag = 1.

Thus the definite solution is

1 1
y(t) = et(5§ cos 3t + sin 3¢) + 5

5. ap = 0,a2 =9,b=3. Thus y, = % Since h = 0, and v = 3, and thus y. = A5 cos 3t + Ag sin 3t.
The general solution is y(t) = y. + yp. From this solution, we can find y(0) = A5 + 1/3, and
y'(0) = 3Ag, which, by the initial conditions, imply that As = 2/3 and Ag = 1. Thus the

definite solution is

2 1
y(t) = gcos3t+sin3t+ 3

6. After normalizing (dividing by 2), we have a; = —6, a2 = 10,b = 20. Thus y, = 2. Since h = 3,
and v = 1, we have y. = €3'(A45 cost + Agsint). The general solution is y(t) = y. + y,. This
solution yields y(0) = A5 + 2, and y'(0) = 345 + Ag, which, by the initial conditions, imply
that A5 = 2 and Ag = —1. Thus the definite solution is

y(t) = e¥(2cost —sint) + 2

7. (a) 2and3 (b) 5 (c) 1,4 and6

Exercise 16.4

(a) Equating Q4 and @, and normalizing, we have

Pa7+m_upliﬁ+6pzia+7

n—w n—w n—w
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()

(a)

Periodic fluctuation will be absent if

<m—u)2 . —4(3+ )

n—w n—w

Substitution of Q4 and @, into the market adjustment equation yields (upon normaliza-

tion)

jm—lP,_ﬁ—l-éP:_a_—&—y

P —
m n n

D _ px _ aty
P=p =98

Fluctuation will occur if
n n

(m)l ~4(5+9)

This condition cannot be satisfied if n > 0, for then the right-side expression will be

negative, and the square of a real number can never be less than a negative number.

For case 3, dynamic stability requires that

h= -1 (jm,_l) <0
2 n

Since n < 0 for Case 3, this condition reduces to

im—1<0

Equating Q4 and @, and normalizing, we get

P”+P’—;P=5

The particular integral is P, = 2. The characteristic roots are complex, with h = % and

v = 3. Thus the general solution is P(t) = e!/2 (45 cos 3t + Agsin 3t) + 2. This can be
definitized to
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P(t) = €'/? (2 cos gt + 2sin gt) +2

(b) The path is nonconvergent, and has explosive fluctuation.

Exercise 16.5

(a) Substituting (16.33) into (16.34) yields a first-order differential equation in 7

s ji-g)m=j(0—T0U)

(b) A first-order differential equation has only one characteristic root. Since fluctuation is
produced by complex roots which come only in conjugate pairs, no fluctuation is now

possible.

2. Differentiating (16.33) and (16.35), we get

dp dUu dm
a — Pa ta
FU b
a2 dt
Substitution yields
?U dU dm dU )
o —kﬁﬁ + kgE = —kﬂ% +kgj(p—m7) [by (16.34)]

To get rid of p and 7, we note that (16.35) implies

—id—U-&-m
P=1

and (16.33) implies
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Using these to eliminate p and 7, and rearranging, we then get the desired differential equation

in U:

2
e k6 +5 (1= W% + (KU = kjla ~ T — (1~ h)m]

(a) Under the assumption, (16.33) can be solved for p, to yield

1
p:q(a*T*QU)

This gives the derivative

dp B AU _ Bkm Bk (16.35)]

dt__l—gﬁ_l—g 1—g

Thus we have the differential equation

dp | Bk Bkm

da  1-— gp C1l—yg
(b) Substituting the p expression derived in (a) into (16.35), we obtain (upon rearranging)
au kG k
— +—U=-k —(a—T
dt  1—g met 1—g (o )
(¢) These are first-order differential equations.

(d) Tt is necessary to have the restriction g# 1.

(a) The parameter values are 8 = 3,9 = %,j = Z and k = % So, with reference to (16.377),

we have
a; =2 CLQ:% and bzgm
The particular integral is b/as = m. The characteristic roots are complex, with h = —1

and v = %. Thus the general solution for 7 is
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2 2
T(t)=e"t <A5 cos %t + Agsin \/T—t> +m
Substituting this solution and its derivative into (16.41), and solving for p, we get

p(t) = %eft[(ﬁAg — A5) coS gt — (\/5145 + AS) sin gt] +m

The new version of (16.40) implies that U(t) = g7 — 3p + 1x-

Thus

1 2 2 1 2
Ut) = §e_t[(2A5 - \/5146) oS %t + (\/5145 + 2A6) sin \/T_t] + 5 " g™

(b) Yes; yes.
(© =m U= —3m
(d) Now U is functionally related to 7. The long-run Phillips curve is no longer vertical, but

negatively sloped. The assumption g = 1 (the entire expected rate of inflation is built

into the actual rate of inflation) is crucial for the vertical long-run Phillips curve.

Exercise 16.6

1. Given y”(t) + ay’(t) + by = t~!, the variable term ¢t~! has successive derivatives involving

t=2,t73,..., and giving an infinite number of forms. If we let

y(t) = Byt ™' + Bot 2 + Bt 3 + Byt + ...

There is no end to the y(t) expression. Thus we cannot use it as the particular integral.

(a) Try y, in the form of y = Bt + By. Then ¢/'(¢t) = By and y”(t) = 0. Substitution yields
Bit + (2By + B2) = t, thus By = 1; moreover, 2By + By = 0, thus By = —2. Hence,
Yp=1—2.

(b) Try y, in the form of y = Byt*> 4+ Bat + Bs. Then we have y/(t) = 2Bt + Bs, and
y”(t) = 2B;. Substitution now yields Bit? + (8B1 + Ba)t + (2B; + 4B + B3) = 2t%;
Thus By = 2, By = —16, and B3 = 60. Hence, y, = 2t*> — 16t + 60.
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(¢) Try y, in the form of y = Be'. Then y'(t) = y”(¢t) = Be'. Substitution yields 4Be’ = e;

thus B = 1. Hence, y, = 1e’.
(d) Try yp in the form of y = By sint+ By cost. Then we have y’ (t) = By cost — By sint, and
y” (t) = —Bj sint— By cost. Substitution yields (2B; — Bs)sint+(By + 2B2) cost = sint;

_ 2 _ 1 _ 2 1
Thus By = £, and By = —5. Hence, y, = £sint — 3 cost.

Exercise 16.7

1.
(a) Since a,, # 0, we have y, = b/a,, = 8/2 =4.
(b) Since a, =0, but a,—1 # 0, we get y, = bt/a,_1 = L.
(¢) an = an—1 = 0, but a,_o # 0. We try the solution y = kt?, so that y/(t) = 2kt,
y” (t) = 2k, and y"’(t) = 0. Substitution yields 18k =1, or k = 1/18. Hence, y, = 1—18t2.
(d) We again try y = kt?, so that 3 (t) = 2k and y*)(t) = 0. Substitution yields 2k = 4, or
k = 2. Hence, y, = 2t
2.

(a) yp = 4/2 = 2. The characteristic roots are real and distinct, with values 1, —1, and 2.

Thus the general solution is

y(t) = Are! + Age " + Aze® +2

(b) yp = 0. The roots are —1, —3, and —3 (repeated). Thus

y(t) = Are " + Age ™3 + Agte™™

(¢) yp =8/8 =1. The roots are —4, and —1 + ¢, and —1 — . Thus

y(t) = Aje ™ 4 et (Aycost + Agsint) + 1
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(a) There are two positive roots; the time path is divergent. To use the Routh theorem, we
have ag = 1, a1 = =2, as = —1, a3 = 2, and a4 = a5 = 0. The first determinant is
la1] = a1 = —2 < 0. Thus the condition for convergence is violated.

(b) All roots are negative; the time path is convergent. Applying the Routh theorem, we

have ag =1, a1 =7, a3 = 15, a3 = 9, and a4 = a5 = 0. The first three determinants have

the values of 7, 96 and 864, respectively. Thus convergence is assured.

(¢) All roots have negative real parts; the time path is convergent. To use the Routh theorem,
we have ag = 1, a; = 6, as = 10, and az3 = 8. The first three determinants have the

values 6, 52 and 416, respectively. Thus convergence is again assured.

(a) Applying the Routh theorem, we have ag = 1, a; = —10, as = 27, and a3 = —18. The

first determinant is |a;| = —10 < 0. Thus the time path must be divergent.

(b) ap = 1, a1 = 11, ay = 34, and ag = 24. The first three determinants are all positive

(having the value 11, 350, and 8400, respectively). Hence the path is convergent.

(c) ap =1, a1 =4, azg =5, and a3 = —2. The first three determinants have the values 4, 22

and —44, respectively. Since the last determinant is negative, the path is not convergent.

5. The Routh theorem requires that

la1| = a1 >0

a1 as aq 0
and = =ajas >0
apg a 1 as

With a; > 0, this last requirement implies that as > 0, too.
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CHAPTER 17

Exercise 17.2

L @ yrr=y+7 (b)) yr1 =13y (c) yey1 =3y —9

2.
(a)
(b)
()
3.
(a)
(b)
()
4.

Iteration yields y1 = yo+ 1, y2o =y1 +1 =vyo + 2, y3 = y2 + 1 = yo + 3, etc. The solution
isys=yo+t=10+1¢
Since y1 = oo, Y2 = oy = Yo, Y3 = ays = o>y, etc., the solution is y; = alyy = fat

Iteration yields y1 = ayp — 3,92 = ay1 — B = Q?yg —afB — 3, y3 = ayz — B = a3yy —
2B — af — f3, etc. The solution is y; = alyg — Bt ' +a! 2 + ... +a+1)

a total of t terms

Yer1 —Ye = 1, so that a = —1 and ¢ = 1. By (17.9’), the solution is y; = yo + ¢t = 10 +¢.

The answer checks.

yer1 —ayy = 0, so that a = —a, and ¢ = 0. Assuming « # 1, (17.8’) applies, and we have
Y = yoa! = Bat. Tt checks. [ Assuming a = 1 instead, we find from (17.9") that y; = (3,
which is a special case of y; = Bat.]

Yer1 — oy = —, so that a = —a, and ¢ = —(3. Assuming o # 1, we find from (17.8")

that y; = (yo + %) ot — % This is equivalent to the earlier answer, because we can

t

rewrite it as y; = yoa! — 8 (1_" ) =yoa! —B(1+a+a®+...+att).

-«

To find y., try the solution y; = Ab' in the homogeneous equation y;1 + 3y; = 0. The
result is Ab'™! + 3Ab" = 0; i.e., b = —3. Hence y. = Ab' = A(—3)". To find y,, try the
solution y; = k in the complete equation, to get k + 3k = 4; i.e. &k = 1. Hence y, = 1.
The general solution is y; = A(—3)* + 1. Setting ¢t = 0 in this solution, we get yo = A+ 1.
The initial condition then gives us A = 3. The definite solution is y; = 3(—3)" + 1.

After normalizing the equation to g1 — (3)y: = 3, we can find y. = Ab' = A(3), and
yp = k = 6. Thus, y; = A(1)" +6. Using the initial condition, we get A = 1. The definite

solution is y; = (3)" + 6.
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(c) After rewriting the equation as y;+1 — 0.2y = 4, we can find y. = A(0.2), and y, = 5.
Thus y; = A(0.2)! + 5. Using the initial condition, this solution can be definitized to
yr = —(0.2)" + 5.

Exercise 17.3

1. (a) Nonoscillatory; divergent.
(b) Nonoscillatory; convergent (to zero).
(¢c) Oscillatory; convergent.
(d) Nonoscillatory; convergent.
2. (a) From the expression 3(—3)’, we have b = —3 (region VII). Thus the path will oscillate
explosively around y, = 1.
(b)  With b= 3 (region III), the path will show a nonoscillatory movement from 7 toward
Yp = 6.
(¢) With b = 0.2 (region III again), we have another convergent, nonoscillatory path.
But this time it goes upward from an initial value of 1 toward y, = 5.
3. (&) a=—-%, ¢=6,y =1 By (17.8"), we have y; = —8(3)" + 9 — nonoscillatory and
convergent.
(b) a=2,¢=9,yo=4. By (17.8"), we have y; = (—2)! + 3 — oscillatory and divergent.

() a=1,¢c=5,y0 =2 By (17.8), we have y, = —2(—1)" + 4 — oscillatory and

convergent.

(d) a=-1,¢=3,y0=>5. By (17.9'), we have y; = 5+ 3t — nonoscillatory and divergent

(from a moving equilibrium 3t).

Exercise 17.4

1. Substitution of the time path (17.12') into the demand equation leads to the time path of Qg4,

which we can simply write as @Q; (since Qq: = Qst by the equilibrium condition:

t
Q=a-sri=a-4(r-P)(-5) - 0P
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8

t
Whether @ converges depends on the (f—) term, which determines the convergence of P,

B

as well. Thus P; and @)y must be either both convergent, or both divergent.

2. The cobweb in this case will follow a specific rectangular path.

3.

(a)

(b)

a=18, =3, vy=3,6 =4 Thus P = % = 3. Since § > 3, there is explosive
oscillation.
a=22 =3, v=26=1 Thus P = % = 6. Since 6 < (3, the oscillation is

damped.

a=19,3=6,y=5,6=06. Thus P = 22 = 2. Since § = (3, there is uniform

oscillation.

The interpretation is that if actual price P;_; exceeds (falls short of) the expected price
P; 1, then P ; will be revised upward (downward) by a fraction of the discrepancy
P,_1 — Py, to form the expected price of the next period, P/. The adjustment
process is essentially the same as in (16.34), except that, here, time is discrete, and

the variable is price rather than the rate of inflation.

If n =1, then P} = P,_; and the model reduces to the cobweb model (17.10). Thus

the present model includes the cobweb model as a special case.

The supply function gives P} = Q%ﬂ—, which implies that P}, = M But

since Qst = Qar = a — BF;, and similarly, Qs :—1 = o — BP;_1, we have

1)

a+vy— 08P

P = 5

and P/, =

Substituting these into the adaptive expectations equation, and simplifying and shift-

ing the time subscript by one period, we obtain the equation

Pt+1—(1—7)—%5)32w

which is in the form of (17.6) with a = — (1 —-n— ﬂﬁé) # —1,and c = w
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(d) Since a # —1, we can apply formula (17.8') to get

_ a+ty 8\ a+y
ho= <P°_ﬂ+6> (1_77_?) MR

(Py - P) (1_n—”7f)t+13

This time path is not necessarily oscillatory, but it will be if (1 -—n— %‘S) is negative,
ie., if 795 <.

(e) If the price path is oscillatory and convergent (region V in Fig. 17.1), we must have
-1 <1—-n- %‘S < 0, where the second inequality has to do with the presence
of oscillation, and the first, with the question of convergence. Adding (n — 1), and
dividing throught by 7, we have 1 —% < —% <1- % Given that the path is oscillatory,
convergence requires 1 — % < —%. If n = 1 (cobweb model), the stability-inducing
range for —% is —1 < —% < 0. If 0 < n < 1, however, the range will become wider.
With n = %, e.g., the range becomes —3 < —g < -1

5. The dynamizing agent is the lag in the supply function. This introduces P;_; into the model,

which together with P;, forms a pattern of change.
Exercise 17.5

1. Because a = o (0 + 6) — 1 # —1, by model specification.

2. (IV) 1-0(8+6)=0. Thus 0 = zi5.
(V) —1<1-0(B+46) < 0. Subtracting 1, we get —2 < —o (3+6§) < —1. Multiplying

by 5_—+16, we obtain % >0 > ﬁ.

(VI) 1—-0(8+6)=—-1. Thuso = ﬁ.
(VII) 1—0(8+6) < —1. Subtracting 1, and multiplying by ﬁ_le‘v we obtain o > 735

3. With 0 = 0.3, « =21, 3 =2,y =3, and § = 6, we find from (16.15) that P, = (P —

3)(—1.4)" + 3, a case of explosive oscillation.

4. The difference equation will become Piy1 — (1 — 08)P; = o(a — k), with solution

a—k

a_k)<1—a6)t+—

B

Pt:<P0— /6
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The term b; = (1 — 03)? is decisive in the time-path configuration:

Region b o
I 0<b<l 0<o<gj
v b=0 o=%
\ “1<b<0 F<o<3
VI b=-1 o=12
VII b< -1 o> 3

[These results are the same as Table 17.2 with ¢ set equal to 0.] To have a positive P, we must
ahve k < o; that is, the horizontal supply curve must be located below the vertical intercept

of the demand curve.

Exercise 17.6

1.

2.

No, y; and y¢y1 can take any real values, and are continuous.

a) Yes, L and R give two equilibria.
) Nonoscillatory, explosive downward movement.

(

(

(¢) Damped, steady upward movement toward R.
(d) Damped, steady downward movement toward R.
(

e) L is an unstable equilibrium; R is a stable one.

(a) Yes.
(b) Nonoscillatory explosive decrease.

(¢) At first ther iwll be steady downward movement to the right, but as it approaches R,
oscillation will develop because of the negative slope of the phase line. Whether the
oscillation will be explosive depends on the steepness of the negatively-sloped segment

of the curve.

(d) Oscillation around R will again occur — either explosive, or damped, provided yo

maps to a point on the phase line higher than L.

(e) L is definitely unstable. The stability of R depends on the steepness of the curve.

(a) The phase line will be downward-sloping at first, but will become horizontal at the

level of P,, on the vertical axis.

121



Chiang/Wainwright: Fundamental Methods of Mathematical Economics

(b)  Yes; yes.
(¢) Yes.

5. From equation (17.17), we can write for the kink point:

A a+y 06 6 a+vy  »
P = ——=k or —k= - P
g B g g

It follows that
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CHAPTER 18

Exercise 18.1

4.

(a) b*—b+3=0b,by=2(1+VT-2)=3+1i
(b) b? —4b+4=0;b1,by = 1(4+/16 —16) = 2,2.
© B+ib-3=0bib=b-dx =41
(d) b —20+3=0;b1,bp =2(2+V/1—-12) =1+ 2i.

(a) Complex roots imply stepped fluctuation. Since the absolute value of the roots is
R = /az = +/1/2 < 1, it is damped.

(b)  With repeated roots greater than one, the path is nonoscillatory and explosive.

(¢) The roots are real and distinct; —1 is the dominant root. It’s negativity implies

oscillation, and its unit absolute value implies that oscillation will eventually become

uniform.

(d) The complex roots have an absolute value greater that 1: R = /3. Thus there is

explosive stepped fluctuation.

(a) a1 =-1,a,=1%, and c=2. By (18.2), y, = %/2 =4.

D) gy =T/1=7 (©yp=5/1=5 (d)y,=4/2=2

All of these represent stationary equilibria.

(a) a1 =3, a2 = —7/4, and ¢ = 9. y, = 1+37977/4 = 4. With characteristic roots
bi,by = 1(=3+£V9+7) =3, —I, the general solution is: y, = A1(3)* + Aa(—2)t +4.
Setting ¢ = 0 in this solution, and using the initial condition yg = 6, we have 6 =
Ay + Ay = 4; Thus A; + Ay = 2. Next, setting ¢ = 1, and using y; = 3, we have

3= %Al — %Ag = —1. These results give us A; = 3/2 and As = 1/2. Therefore, the

B 1t+1 77t+4
Y=35\3 2\ 2

definite solution is
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(b) a1 =-2,a2=2,and ¢ =1. y, = 745 = 1. The roots are by, by = 5(2+ /4 —38) =
1+, giving us h = v = 1. Since R = /2, we find from (18.9) and Table 16.2 that
0 = m/4. The general solution is: y; = (v/2)*(As cos Zt+ Agsin Tt)+1. Setting t = 0,
and using the condition yo = 3, we obtain 3 = (A5 cos 0+ Ag sin 0)+1 = A5+0+1; thus
As = 2. Next, setting t = 1, and using y; = 4, we find 4 = v/2(2 cos T+Agsin§)+1 =
\/5(% + %) +1=2+4 Ag + 1; thus Ag = 1. The definite solution is therefore

v = (V2)? (2 cos Zt + sin gt) +1

() a1=-l,a2=1/4,andc=2. y, = #ﬂ/‘l = 8. With roots by, by = %(1i\/1 —-1)=
1/2,1/2 (repeated), the general solution is y; = A3(1/2)" + A4t(1/2)! + 8. Using the

initial conditions, we find A3 = —4 and A4 = 2. Thus the definite solution is
1\’ 1\’
=—4(= 2t | = 8

5. (a) The dominant root being —7/2, the time path will eventually be characterized by

explosive oscillation.

(b)  The complex roots imply stepped fluctuation. Since R = /2 > 1, the fluctuation is

explosive.

(¢) The repeated roots lie between 0 and 1; the time path is thus nonoscillatory and

convergent.

Exercise 18.2

1. (a) Subcase 1D  (b) Subcase 3D

(¢) Subcase 1C  (d) Subcase 3C

2. (a) byby=1 [7(1 +a) /PRI +a)2— 4047} = 1(3.6 & /1.76) ~ 2.46,1.13. The path
should be divergent.

(b)  b1,by = £(1.08 £ 1/0.466) ~ 0.87,0.21. The path should be convergent.

3. For Possibilities ii and iv, with either by = 1, or by = 1, we find (1 — b1)(1 — b2) = 0. Thus,
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by (18.16), 1 — v = 0, or v = 1. for Possibility iii, with b > 1 and by a positive fraction,
(1 —b1)(1 — ba) is negative. Thus, by (18.16), 1 —~ < 0, or vy > 1.

4. Case 3 is characterized by v < (11—2‘1)2' If v > 1, then it follows that 1 < (11—(;)2. Multiplying

through by (1 + «)?, and subtracting 4a from both sides, we get 1 — 2a + a? < 0, which can
be written as (1 —«)? < 0. But this inequality is impossible, since the square of a real number

can never be negative. Hence we cannot have v > 1 in Case 3.
Exercise 18.3

1. (a) Shifting the time subscripts in (18.23) forward one period, we get

(14 Bk)piya —[1 — j(1 — 9)] pes1 + jOU 41 = Bkm + jla —T)

(b) Subtracting (18.23) from the above result, we have

(14 k) pi2 — 24+ Bk —j(1 = @) pey1 + 1 = 5(1 = 9)]pt + jBUss1 —U;) =0

(¢) Now we substitute (18.20) to obtain

(1+ Bk) prya — [L+gj + (1= 5)(1+ Bk)] pryr + [L — (1 — g)] pe = jBkm

(d) When we divide through by (1 4+ §k), the result is (18.24).
2. Substituting (18.18) into (18.19) and collecting terms, we get
Ter1 — (L—j+jg)me = jla—T) — jBU:
Differencing this result yields [by (18.20)]

Tip2 — (2 —j+jgme + (1 —j+jgme = —jB(Usr — Us)

= jBkm — jBpi1

A forward shifted version of (18.19) gives us jps11 = me42— (1 —j)me41. Using this to eliminate
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the py41 term in the preceding result, we get
(L4 Bk)mipe — [L+ g+ (1= ) — kB)| w1 + (1 —j + jg)me = jBkm

When normalized, this becomes a difference equation with the same constant coefficients and

constant terms as in (18.24).

3. Let g > 1. Then from (18.26) and (18.27), we still have by + b2 > 0 and (1 — b1)(1 — b2) > 0.
But in (18.26") we note that b1by can now exceed one. This would make feasible Possibility
v (Case 1), Possibility viii (Case 2), and Possibilities x and xi (Case 3), all of which imply

divergence.

4. (a) The first line of (18.21) is still valid, but its second line now becomes

Pii1 —pe = Bk(m — pt) + gj(pe — 1)

Consequently, (18.23) becomes
Pryr —[1—j(1—g) — Bkl pe + jBU = Bkm + j(a —T)

And (18.24) becomes

Pryr —[2=35(1 = 9) = BKlpra + [1 =5 (1 — g) = BE(1 = j)Ipe = jBkm

(b) No, we still have p = m.
(c) With j =g =1, we have a; = Bk — 2 and ay = 1. Thus a? % day iff (Bk — 2) % 4 iff
Bk % 4. The value of Sk marks off the three cases from one another.

(d) With gk = 3, the roots are complex, with R = /az = 1; the path has stepped

fluctuation and is nonconvergent. With Gk = 4, we have repeated roots, with b =

—3(4—2) = —1; the time path has nonconvergent oscillation. With 8k = 5, we have
distinct real roots, by, by = %(—3 + \/5) = —0.38, —2.62; the time path has divergent

oscillation.

Exercise 18.4
1. (QAt=@t+1)—t=1 (b)A%t=A(At)=A(1)=0
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These results are similar to %t =1 and dd—;t =0.
(c) A3 =(t+13—t3=3t2+3t+1.

This result is very much different from %t3 = 3¢2.

2. (a) c¢=1,m=3,a; =2, and az = 1; (17.36) gives y, = 7=(3)".
(b) Formula (18.36) does not apply since m? + a;m + az = 0. We try the solution
y; = Bt(6)!, and obtain the equation B(t+2)(6)!*2—5B(t+1)(6)'*1—6Bt(6)" = 2(6).

This reduces to 42B = 2. Thus B = 1/21 and y, = 5t(6)".

(¢) After normalization, we find ¢ = 1, m = 4, a; = 0, and as = 3. By (18.36), we have

Yp = 1_19(4)t'

3. (a) The trial solution is y; = By + Bit, which implies that y;11 = Bg + Bi(t + 1) =
(BO +B1) —|—B1t, and Yt+2 = BO —|—B1 (t—|—2) = (BO —|—231) +Blt Substitution into the
difference equation yields 4By + 4B1t = ¢, so By = 0 and B; = 1/4. Thus y, = t/4.

(b) This is the same equation as in (a) except for the variable term. With the same trial
solution, we get by substitution 4By + 4B1t = 4 + 2¢t. Thus By = 1 and B; = 1/2,
and yp, = 1+ 1/2.

(c) The trial solution is y; = By + Bit + Bot? (same as in Example 2). Substituting this

(and the corresponding y;+1 and y:1o forms) into the equation, we get
(8B + 7By +9By) + (8By + 14By)t + 8Bot* = 18 + 6t + 8t°

Thus By =2, Bi = -1, By =1, andyp:2—t+t2.

4. Upon successive differencing, the m? part of the variable term gives rise to expressions in the
form B(m)!, whereas the t" part leads to those in the form (Bg+. ..+ B,t"). The trial solution

must take both of these into account.

5. (a) The characteristic equation is b3 — »>/2 — b + 1/2 = 0, which can be written as
(b—1/2)(b*—1) = (b—1/2)(b+1)(b—1) = 0. The roots are 1/2,—1,1, and we have
Ye = A1(1/2)t + Ag(fl)t + Ag.

127



Chiang/Wainwright: Fundamental Methods of Mathematical Economics

(b)

(b)

and
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The characteristic equation is b — 2b> — 5b/4 — 1/4 = 0, which can be written as
(b—1/2)(b®> — 3b/2 + 1/2) = 0. The first factor gives the root 1/2; the second gives

the roots 1,1/2,. Since the two roots are repeated, we must write y. = A;(1/2)" +

Ast(1/2)t + As.
Since n =2, ap =1, a; = 1/2 and ay = —1/2, we have
1
1 —-1/2 3 1/2
A1 = / =—->0, but Ay = /
~1/2 1 4 ~1/2
1/2
Thus the time path is not convergent.
Since ag = 1, a; = 0 and ag = —1/9, we have
1 0
1 -1/9 0 1
Ay = / = @; Ag =
-1/9 1 81 -1/9 0
0 -1/9
The time path is convergent.
7. Since n = 3, there are three determinants as follows:
1 0 as
1 as a 1 0
A = oA =
as 1 as 0 1
as as 0
1 0 0 az Qa2 Qi
ay 1 0 0 as ag
as a 1 0 0 a
As = 2 a1 3
as 0 0 1 a; a2
as as 0 0 1 ay
a; a2 as 0 0 1
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1
0

~1/2

~1/9
0
1

a
ag

ay

~1/2  1/2
0 —1/2
2 _,
1 12
0 1
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0 6561
0
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CHAPTER 19
Exercise 19.2

1. The equation y;y2 + 6y;4+1 + 9y: = 4 is a specific example of (19.1), with a; = 6, az = 9, and
¢ = 4. When these values are inserted into (19.1%), we get precisely the system (19.4). The
solution is Example 4 of Sec.18.1 is exactly the same as that for the variable y obtained from
the system (19.4), but it does not give the time path for x, since the variable x is absent from

the single-equation formulation.

2. The characteristic equation of (19.2) can be written immediately as b + > — 3b+ 2 = 0. As

1 -3 2
to (19.2’), the characteristic equation should be [bI+ K| =0;since K=| —1 (0 0 |, we
0 -1 0
b+1 -3 2
have bl + K| = -1 b 0 | =b%+0b%—3b+2=0 which is exactly the same.
0 -1 b
3. (a) To find the particular solution, use (19.5’):
-1
z » 2 2 24| 1|1 2 || 24 7
7 2 -1 9 612 —2 9 5

To find the complementary functions, we first form the characteristic equation by using (19.9’):

b+1 2
bl + K| = =02 —b—6 = 0 The roots b; = 3 and by = —2 yield the follow-
2 b-2
ing sets of m and n values: m; = —Ay, ny = 24y; my = 245, ng = A;. Thus we have

re = —A1(3) + 242(—2)") and y. = 24:(3)" + A2(—2)!. Adding the particular solutions to
these complementary functions and definitizing the constants A;, we finally get the time paths

2y = =3+ 4(—=2)" + 7 and y; = 2(3)" +2(—2)* + 5.
(b) The particular solutions can be found by setting all 2’s equal to T and all y’s equal to 7,

and solving the resulting equations. The answers are T = 6, and § = 3. If the matrix method

0
is used, we must modify (19.5’) by replacing I with J = . Thus
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-1

z 0 —1 —1 1| 21 —1 6
=(J+K)ld= 3 ——| 2 -
7 1 3 8l 61 -3 0]] 8L 3
The characteristic equation,
b—1 7% 5 1 1 1 :
|b] + K| = 1= b? — 2b+ ¢ =0, has roots by = 3 and by = 3. These imply:
b b— =
6
my = 2A1, ng = —3A;1; mo = A, ng = —2A;. Thus the complementary functions are

ze=241(3)" + A2(3)") and yo = —341(3)" — 242(3)". Combining these with the particular
solutions, and definitizing the constants A;, we finally obtain the time paths x; = —2(%)t +

(4)" +6 and y; = 3(3)" — 2(3)" +3.

4. (a) To find the particular integrals, we utilize (19.14):

-1

T 1 -1 —12 —60 1 6 12 —60 12
m 1 6 36 -1 -1 36 4
o . r—1 =12
The characteristic equation, |rI4+ M| = =724 5r46 =0, has roots r; = —2
1 r+6
and ro = —3. These imply: m; = —4A4;, n1 = Ay; mg = —3As, ng = Ay. Thus the
complementary functions are x, = —44,e7 2! —3A45e7 % and y. = Aje 2"+ Aye~3!. Combining

these with the particular solutions, and definitizing the constants A;, we find the time paths
to be x(t) = 4e™2 — 373" + 12 and y(t) = —e 2! + 73t + 4.
(b) The particular integrals are, according to (19.14),

—1

T , -2 3 10 -2 3 10 7
7 -1 2 9 -1 2 9 8
o . r—2 3
The characteristic equation, |rI + M| = =72 —1=0, has roots r; = 1 and
-1 r+2

ro = —1. These imply: m; = 341, ny = A1; mo = Az, no = As. Thus the complementary
functions are x, = 34 et + Ase™ and y. = Ajet + Age™t. Combining these with the particular
solutions, and definitizing the constants A;, we find the time paths to be x(t) = 6e! —5e™t +7
and y(t) = 2e! — et + 8.

5. The system (19.13) is in the format of Ju + Mv = g, and the desired matrix is D = —J ' M.
1 -2 2 5
Since J ! = and M = , we have D = . The characteristic
0 1 1 4 -1 —4
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- 3
equation of this matrix is |[D —rI| = 0 or = r%2 + 4r + 3 = 0, which checks
1 4
with (19.167).
Exercise 19.3
A 0—a —a A
1. Since d; = ' 6", we have H - g = " |. Thus By =%[M(6—
A2 —az1 0 —az B2 A2

CL22) + )\2(112] and 62 = %[)\2(6 - 041) + )\1&21}, where A = (5 — (111)(5 — (122) — a12021. It is

clear that the answers in Example 1 are the special case where \; = Ay = 1.

6 0
2. (a) The key to rewriting process is the fact that 61 = . The rest follows easily.
0 6
(b) Scalar: 8. Vectors: (8, u. Matrices: I, A.
(c) B = (61 — A) T
0 1 0 a a +1—-a —a
3. () pl+T-A=|" " |+ e e = 2| The
0 p 01 a1 a2 —as91 pt+1—axn

rest follows easily.
(b) Scalar: p. Vectors: 3, A. Matrices: I, A.
(¢c) B=(pl+1—A)"A

4. (a) With trial solution 3;6" = 3;(39)!, we find from (19.22’) that 8, = £ and 3, = 2. So

_ 70012yt _ 20012t
r1p = 55(35)" and @2, = 33(35)"
-3 _4
- 10 10 _ 2 _ 53 6 _ _ 65 _ 1
(b) From the equation s 2 ] =0° = 550 — 155 = 0, we find by = 75,00 = —55-
10 ~ 10

These give us mp = 4A1, ny = 3A1, mo = AQ, Ng = 7A2. Thus T1e = 4A1(1—%)t + A2(71_10)t
and T2 = 3A1(1—60)t — AQ(_%)t
(c) Combining the above results, and utilizing the initial conditions, we find A; = 1 and

As = —1. Thus the time paths are

6, 1, 70,12,
re=4g) — (= g5) + 39(35)

L6 1, 20,12,
21 =3(5) — (=) + 3(35)

5. (a) With trial solution 3,e’* = 3

19 ,t/10
ce/ .

10, we find from (19.25") that 3, = I and B, = 2. So

(2

z1p = et/ and w4, =
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r41-3 -4
(b) From the equation X 1o 10 ) J=r?+32r+45 =0, wefindry = —15,r2 =
~ 10 r+1— 10
*i—(l). These give us mp; = 4A1, ny = 3A1; mo = AQ, Ng = 7142. Thus Tle = 4A1674t/10 +
Age=116/10 and g0, = 3A,e~4/10 _ A, e=11t/10
(c) Combining the above results, and utilizing the initial conditions, we find A; = 1 and

As = 2. Thus the time paths are

w1 = de—4t/10 4 9o—11t/10 | %et/w

Toy = 3e4t/10 _ 9o—11t/10 | %9et/10

6. (a) F,a and P are n x 1 column vectors; A is an n X n matrix.
(b) The interpretation is that, at any instant of time, an excess demand for the ith product
will induce a price adjustment to the extent of «; times the magnitude of excess demand.

(C) % = Oél(a,lo +a1PL+apPy+ ...+ alnPn)

% = ap(@no + a1 P+ anaPa + ... 4 ann Pp)
(d) Tt can be verified that P’ = aF. Thus we have

P =a(a+ AP)

or

/

— A P = «a a
(nx1) (nxn)(nxn)(nx1)  (nxn)(nx1)

7. (a) Big=aio+anPii+aaPoy + ... +ainPry)

En,t =ano + anIPLt + an2P2,t +...+ a'nnPn,t)
Thus we have E; = a + AP;.
(b) Since AP;; = Pj 11 — P+, we can write
AP, Py — Py
: = : =P1— P
(nx1) (nx1)
A‘Pn,t Pn,t+1 - Pn,t
The rest follows easily.

(c) Inasmuch as P;41 — P = aF; = aa + aAP; it follows that Py — IP; — AP, = aa or

Pt+1 — (I+ OéA)Pt = aa
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Exercise 19.4

1. Cramer’s rule makes use of the determinants:
Al =rBj A1l =rBjp  |A2| =rjla—T - p(l - g))

Then we have :

A _ o F_ As] _ aeT-u(i-g)
r=Tar = U=sE="7%

2. The first equation in (19.34) gives us
3 9
71(1 — Z)m1 = *Z’fh
Multiplying through by f% we get
(11— -
3( i)ymy =mnq
The second equation in (19.34) gives us
3
—§m1 = _Z(l + i)nl
Multiplying through by —2(1 — i), and noting that (1+14)(1 — i) =1 —i* = 2, we again get

1 .
g(l —i)my =m

3. Witha—tz%,ﬂ—Q h=1/3,j=1/4 and k = 1/2, the system (19.28’) becomes

10 x’ i1 ™
4 6 2
01 U’ -+ 1 U
. o o )
Setting 7' = U’ = 0 and solving, we get the particular integrals 7 = p and U = i5 — % Since
the reduced equation (19.30) now becomes
r+ % % m 0
—% r+1 n 0

the characteristic equation is 2 + %r + i = 0, with distinct real roots

—7+V13
12

r,T2 =

. Using these values successively in the above matrix equation, we find

5—+/13
6

mip =ny
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and

Thus the complementarity functions are

Tc Ay —74+/13 A —7-13
= s-y/a3), | ¢ ' 5+4/(13) .
U. A(—5—) Ay(—F—)

which, when added to the particular integrals, give the general solutions.

4. (a) Witha—T =1, 8=3, g=1/2, j =1/4 and £ = 1, the system (19.36) becomes
1 0 Tt4+1 n *% % Tt . %
-1 4 Ups1 0 -1 Uy i-u

Letting 7 = 7y = 741 and U=U,= Ui+1 and solving, we get the particular solutions
_ - 1
T =L and UZE(].—,LL)

. Since the reduced equation (19.38) now becomes

7 3
b— 3 1 m _ 0
—3b 4b-—1 n 0
the characteristic equation is 4b% — %b + % = 0, with distinct real roots
33 £193
b =g

. Using these values successively in the above matrix equation, we find the proportionality

relations
23 — /193
748 mp =ny
and
23 4+ /193
748 ma = N2

Thus the complementarity functions are

Te Ay 334+ 4/(193) , A, 33 —/(193) ,
= 23—/(193) ( 64 )+ 23+4/(193) ( 64 )
U. Al(T) AQ(T)
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which, when added to the particular solutions, give the general solutions.

(b) Witha—T =1, 8=4,g=1,j=1/4 and k = 1, the system (19.36) becomes

=4
10 ™ -1 1 ™ =
t+1 + t _ 16
~1 5 | | U 0 —1||U i
The particular solutions are © = y and U = 1—16 Since the reduced equation (19.38) now
becomes
b—-1 1 m 0
-b 5b-1 n 0

the characteristic equation is 56> — 5b + 1 = 0, with distinct real roots

5++5

b =
b17 2 10

. Using these values successively in the above matrix equation, we find

5-5

0 ™
and
5+Vh
0 2 = N2
Thus the complementarity functions are
Te | Ay (5+\/5_))t+ As (5_\/5)15
U, A1(5—1(\J/5) 10 A2(5—iiox/5) 10

which, when added to the particular solutions, give the general solutions.

Exercise 19.5

1. By introducing a new variable x = 3’ (which implies that 2’ = y”), the given equation can be

rewritten as the system

which constitutes a special case of (19.40).
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dz’

Sy = fy > 0, as y increases (moving northware in the phase space), ' will increase

2. Since

(2" will pass through three stages in its sign, in the order: —,0,+). This yields the same

] 92" Qimi o _ i i Ay’
conclusion as G=. Similarly, 5% = g, > 0 yields the same conclusion as oy -

3. N/A

4. (a) The 2’ = 0 curve has zero slope, and the y' = 0 curve has infinite slope. The equilibrium

is a saddle point.

(b) The equilibrium is also a saddle point.
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5. (a) The partial-derivative signs imply that the 2’ = 0 curve is positively sloped, and the 3’ =0

curve is negatively sloped.

(b) A stable node results when a steep 2’ = 0 curve is coupled with a flat y’ = 0 curve. A

stable focus results if a flat 2’ = 0 curve is coupled with a steep y’ = 0 curve.
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Exercise 19.6

1. (a) The system has a unique equilibrium E = (0,0). The Jacobian evaluated at E is

e 0 10
JE = =
yeI x

(0,0)
Since |Jg| =1 and ¢r(Jg) = 2, E is locally an unstable node.
(b) There are two equilibriums: E; = (0,0) and Ey = (3, —1). The Jacobian evaluated at F;

2
and Es yields

1 2
Jp1 =
0 1
and ~ _
1 2
Jp2 =
1 1
Since |Jg1| = 1 and ¢r(Jg1) = 2, Fy is locally an unstable node. The second matrix has a

negative determinant, thus Fj5 is locally a saddle point.
(c) A single equilibrium exists at (0,0). And
0 —e¥ 0 -1
JE == =
5 -1 5 —1
(0,0)

Since |Jg| =5 and tr(Jg) = —1, E is locally an stable focus.
(d) A single equilibrium exists at (0,0). And

322 +6zy 32241 0 1
JE = ) =
14y 2zy ©0.0) 1 0
Since |Jg| = —1, E is locally a saddle point.
. . 0 + : . :
2. (a) The elements of Jacobian are signed as follows: . Thus its determinant is neg-
+ 0
ative, implying that the equilibrium is locally a saddl:e point. :
0 —
(b) The elements of Jacobian are signed as follows: . Thus its determinant is neg-
- 0
ative, implying that the equilibrium is locally a saddle point.
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(¢) The elements of Jacobian are signed as follows: . Thus its determinant is pos-

itive and its trace negative, implying that the equilibrium is locally either a stable focus or a

stable node.

3. The differential equations are

P =h(l-p)
1 = p(p+q—m(p))

, where m/(p) < 0. The equilibrium E occurs where p = p; (where py = m(p1) — ¢ is the value

of p that satisfies (19.56)) and w = 1. The Jacobian is

0 —h 0 —h

Jg = —
p(l—m'(p)) p+q—mlp) |, L—m/'(p) 0

Since |Jg| = h(1 —m/(p1)) > 0 and tr(Jg) = 0, E is locally a vortex — the same conclusion as

in the phase diagram analysis.

4. (a) The ' = 0 and y’ = 0 curves share the same equation y = —z. Thus the two curves
coincide, to give rise to a lineful of equilibrium points. Initial points off that line do not lead

to equilibrium.

(b) Since 2’ = ¢’ = 0, neither  nor y can move. Thus any initial position can be considered
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as an equilibrium.
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CHAPTER 20

Exercise 20.2

1.
A= 1t
pwo= (1-1)/2

2. The hamiltonian is H = 6y + Ay + Au (linear in u). Thus to maximize H, we have u = 2 (if A

is positive) and u = 0 (if A is negative)

From N = —0H/0y = —6 — )\, we find that A\(t) = ke~! — 6, but since A\(4) = 0 from the

transversality condition, we have k = 6e*, and
N (t) =6ett —6

which is positive for all t in the interval [0,4]. Hence the optimal control is u*(t) = 2. From

Yy =y+u=y+2, we obtain y(t) = ce! — 2. Since y(0) = 10, then ¢ = 12, and
y*(t) = 12! — 2

The optimal terminal state is

y*(4) = 12¢* — 2
3. From the maximum principle, the system of differential equations are

N o= =)
a+ A

o
vz vty

solving first for A, we get A(t) = cpe™t. Using A\(T) = 0 yields ¢y = 0. Therefore,

—a

u(t) = 55

and

y(t) = (yo-ﬁ-%) et—%
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o= —(u—-2y)

y = u
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4. The maximum principle yields u = (y+A)/2, and the following system of differential equations

with the boundary conditions y(0) = yo and A\(T) = 0. Substituting for u in the system of

equations yields

/ 1 3
Nl |- A
Y : 3 y

The coefficient matrix has a determinant of -1, the roots are +1. For r; = 1, the eigenvector

is

3
g m
: 11 ; =0
7 31 n
which yields m = 1 and n = 1.For ro = —1, the eigenvector is m = 1 and n = —1/3. The
complete solutions are the homogeneous solutions,
A(t 1 1
( ) = crel + . coel
y(t) -3
From the transversality conditions we get
zoe~2T
o = —90=
! 1/3+e2T
—20
P
? 1/3 42T
The final solution is
o t—2T t
Alt) = —
®) 1/34 72T ( <)
o tor 1 4
t — —
y(t) 1/3+e 2T <6 T3¢ )
o o 1 4
t) = _Z
u(®) 1/3+e2T< 3¢ )

5. N/A

6. \*=3ert -3 pr=2 y* ="Te -2
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